Math 255B Lecture Notes
Functional Analysis

Professor: Michael Hitrik
Scribe: Daniel Raban

Contents

1 Fredholm Theory
1.1 Fredholm operators . . . . . . . . . . . . . .. ...
1.2 Behavior of the index under perturbation . . .. .. ... ... ... ....

2 Perturbation of Fredholm Operators and The Logarithmic Law
2.1 Perturbation of Fredholm operators. . . . . . . ... ... ... .......
2.2 The logarithmic law . . . . . .. .. . o L

3 The Fredholm-Riesz Theorem
3.1 The Fredholm-Riesz theorem . . . . .. ... ... ... ...........
3.2 Adjoints of inclusions and quotients . . . . . . ... ... ...
3.3 Proof of the Fredholm-Riesz theorem . . . . . . .. . . . ... ... .....

4 Sums of Fredholm and Compact Operators and The Toeplitz Index The-
orem
4.1 Fredholm plus compact is Fredholm . . . . . . ... ... ... ... ....
4.2 The Toeplitz index theorem . . . . . . . . . ... ... ... .. .......

5 The Toeplitz Index Theorem and Analytic Fredholm Theory
5.1 The Toeplitz index theorem . . . . . . . ... ... ... ... ... ...
5.2 Analytic Fredholm Theory . . . . . . . .. . ... ...

6 Consequences of Analytic Fredholm Theory
6.1 Analytic Fredholm theory . . . . . . . ... ... ... ... .. ... ...,
6.2 Application: the residue of the resolvent . . . . . . . ... ... ... ....

7 Introduction to Unbounded Operators
7.1 Motivation from quantum mechanics . . . . . . .. ... ...
7.2 Unbounded operators . . . . . . . . . . . . ...

[\)

(S BTSN

00~ ~1



8 Realizations of Partial Differential Operators
8.1 Maximal and minimal realizations . . . .. . ... ... ... .. ......

8.2 Realizations of order 1 partial differential operators with smooth coefficients

9 Adjoints of Unbounded Operators

9.1 Adjoints . . ... .. ..

9.2 Examples: adjoints of differential operators . . . . ... ... ... ... ..

9.3 The graph of the adjoint

10 Symmetric and Self-Adjoint Operators
10.1 Adjoints of closable operators . . . . . . . . .. ... ..
10.2 Symmetric and self-adjoint operators . . . . . . ... ..o

10.3 von Neumann’s extension

theory for symmetric operators . . . .. ... ..

11 The Cayley Transform of Symmetric Operators

11.1 The Cayley transform .
11.2 Deficiency subspaces . .

12 Extending Symmetric Operators to Self-Adjoint Operators

12.1 Graph of the adjoint of a

symmetric operator . . . . . ... ...

12.2 Conditions for extending symmetric operators . . . . . . . .. . ... .. ..
12.3 Example: Extending the Schrodinger operator . . . . . . . . . . ... .. ..

13 Examples of Self-Adjoint Extensions

13.1 Self-adjoint extensions of
13.2 Essentially self-adjoint op

14 Essential Self-Adjointness of Schrodinger Operators and Perturbations

of Self-Adjoint Operators

differential operators . . . . ... ... ... ...
erators . . ... L oL

14.1 Essential self-adjointness of Schrédinger operators. . . . . . . . . .. .. ..
14.2 Perturbations of self-adjoint operators . . . . . .. . ... ... ... ..

15 The Kato-Rellich Theorem

15.1 The Kato-Rellich theorem . . . . . . . . . . . . .. ... ... ... . ....

15.2 Quadratic forms . . . .

16 Closure of Quadratic Forms

16.1 Quadratic forms bounded
16.2 Closed quadratic forms .
16.3 Closable quadratic forms

below. . . . . . ... s

20
20
20

22
22
22
23

24
24
24
25

27
27
28

30
30
30
31

32
32
33

34
34
35

37
37
38



17 Quadratic Forms and the Friedrichs Extension Theorem 42

17.1 Obtaining self-adjoint operators from quadratic forms . . . .. ... .. .. 42
17.2 The Friedrichs extension theorem . . . . . . . . .. ... ... ... ..... 43
18 Introduction to Spectral Theory of Unbounded Operators 44
18.1 The Dirichlet realization of a 2nd order elliptic operator . . . . . .. .. .. 44
18.2 Spectrum and resolvent . . . . . . ... .. 45

19 Development Toward the Spectral Theorem for Unbounded Self-Adjoint

Operators 46
19.1 Theresolvent . . . . . . . . . . . . e e 46
19.2 Nevanlinna-Herglotz functions for self-adjoint operators . . . . ... .. .. 46
20 Development of Spectral Measures 49
20.1 Nevanlinna-Herglotz functions . . . . . . . . .. .. ... .. ... .. .... 49
20.2 Construction of spectral measures via Nevanlinna-Herglotz functions . . . . 50
21 Properties of Spectral Measures 52
21.1 Total mass of spectral measures . . . . . . . . . . ... ... 52
21.2 Decay of spectral measures . . . . . . .. ... 53
21.3 Multiplicativity of the functional calculus . . . . . ... ... ... ... .. 54
22 Multiplicativity and the Functional Calculus for the Laplacian 55
22.1 Multiplicativity of the functional calculus . . . . .. ... ... ... .... 55
22.2 Spectrum and functional calculus for the Laplacian . . . . . . . .. ... .. 55
22.3 Correcting the norm bound in the functional calculus. . . . . . . .. .. .. 57

23 Functional Calculus for Bounded Continuous Functions and Bounded

Baire Functions 58
23.1 Approximation in the functional calculus. . . . . . . . . ... ... ... 58
23.2 Domain of A in terms of spectral measures . . . . .. .. ... ... .... 58
23.3 Summary of properties of the functional calculus . . . . . . ... ... ... 59
23.4 Extension of the functional calculus to bounded Baire functions . . . . . . . 59
24 The Spectral Theorem for Unbounded, Self-Adjoint Operators 61
24.1 Multiplicative properties of the functional calculus for bounded Baire functions 61
24.2 The spectral theorem for unbounded, self-adjoint operators . . . . . . . .. 62
24.3 Extending the functional calculus to unbounded Baire functions . . . . . . . 63
25 Projection-Valued Measures 64
25.1 Unbounded functional calculus . . . . . . ... ... ... ... ... .... 64
25.2 Projection-valued measures . . . . . . . . ... oo 64



25.3 Properties of projection-valued measures . . . . . . ... ... ... 65

26 Weyl’s Criterion and Weyl’s Theorem 67
26.1 Weyl’s criterion . . . . . . . . .. L 67
26.2 Weyl’'s theorem . . . . . . . . . . . . 68
26.3 Applications . . . . . . . ... 69



1 Fredholm Theory

1.1 Fredholm operators

Definition 1.1. Let Bj, By be Banach spaces. An operator T' € L(Bj, Bs) is called
Fredholm if the kernel kerT' = {x € By : Tx = 0} and the cokernel cokerT' = By/im T
are finite-dimensional. We define the index if T' to be ind 7" = dim ker T'— dim coker T" € Z.

Remark 1.1. If T' € £(By, Bz), then ker T is a closed subspace of B;. However, im T need
not necessarily be closed: take B; = By = C([0,1]) and (T'f)(z) = [y f(y) dy.

So this is an algebraic condition. However, this implies an analytic condition on 71"
Proposition 1.1. If T' € L(By, B2) and dimcoker T' < oo, then im T is closed.

Proof. We may assume 7' is injective, for otherwise, we can consider T:B /kerT — Bs
sending x + ker T' +— T'x; then imT = im T, and T is injective. Let dimcokerT = n < oo,
and let x1,...,x, € By be such that 1 +imT, ..., x, +im7T form a basis for coker T". Let
S :C" = By send (a1,...,a,) = > i_; ajz;. Then S is injective, and By = imT & im S.
It follows that T} : By & C" — By sending (z,a) — Tx + Sa is a bijection. By the open
mapping theorem, 77 is a linear homeomorphism. Then im7T = T;(B; @ {0}) C By is
closed. O

1.2 Behavior of the index under perturbation
If dim B; < oo for j = 1,2, then
indT = dimker 7" — (dim By — dimim 7") = dim By — dim Bs.

Remarkably, for Fredholm operators, this property also extends to a similar property in
the infinite dimensional case.

Theorem 1.1. Let T' € L(B, Ba) be a Fredholm operator. If S € L(B1, Bs) is such that
151l 2(By,Bs) is sufficiently small, then T + S is Fredholm, and ind(T + S) = ind T

To prove this, we have a lemma.

Lemma 1.1. Let B be a Banach space, and let S € L(B, B) be such that ||S|| < 1. Then
1 — S has an inverse (so ind(1 —S) =0).

Proof. The Neumann series R = Y 3o, S* converges in £(B, B), and R(1-S) = (1-S)R =
1. 0

Remark 1.2. If T' € £(By, B2) is invertible and ||.S|| is small, then 7"+ S is invertible:
T+ S =T(1+T719) is invertible if || S| < 1/[| T Y.



To prove the theorem, we will reduce to this case.

Proof. Write ny = dimkerT and n_ = dimcoker T'. Let R_ : C"~ — Bj be injective and
such that By = imT @ R_(C"-) (as we have constructed before). Let eq,...,e,, be a
basis for ker T', and let 1, ..., ¢, € BT be such that

1 j=k
%Oj(ek)Z{O ik

for all j, k; such continuous, linear forms exist by Hahn-Banach. Let R4 : By — C™* send
= (p1(x),...,¢n, (x)). Then Ry is surjective, and Ry |ier7 is bijective.
Let us introduce the Grushin operator!

T R_
= . n— n4
P [R_,_ 0].31@((: — By @ C"+.

We claim that P is invertible: If P [ax ] =0, then Tx + R_a_ = 0 and Ryz = 0. Then

a_ =0, s0 x € kerT. Since R, is bijective on kerT, we get x = 0. For surjectivity, we
want to solve Tx + R_a_ =y and Ryx = b. Write y=T2z+ R_c_. Then a_ = ¢_ and
z—z€ekerT,sox=2z+) aje;. We can take aj = b; — ¢;(z) for 1 < j <n..

If ||S|| is small enough, then

~ [T+S R_
P_[R+ 0]

is invertible, and we introduce the inverse

- E E+ . n+ n_—

We will finish the proof next time. O

IThis terminology is not necessarily standard.



2 Perturbation of Fredholm Operators and The Logarithmic
Law
2.1 Perturbation of Fredholm operators

Last time, said that T' € L(B1, Be) is Fredholm if dimker 7' < co and dim By /im T < oo.
We were proving that the Fredholm property is preserved under small perturbations.

Theorem 2.1. Let T € L(B1, Bs) be a Fredholm operator. If S € L(B1, Ba) is such that
151l 2(By,By) s sufficiently small, then T + S is Fredholm, and ind(T + S) = ind T

Proof. Produce

T R,
— . n— n4
P—[R O]BI@C — By @ C",

where ny = dimker T and n_ = dim coker T'. We get that

- [T+S R
P_[R+ 0]

is invertible as well, with inverse

[E BT o n_
5—|:E_ E_+:|.BQ@C — B C"—,

where
E:Bg—)Bl, E+:Cn+—>Bl, E_:Bz—>(C”—, E_+:(C"+—><C"—.
Since £ is a right inverse for 75,
T+S R_||E FEp| |[* *
R+ 0 E_ E_+ o * R+E+ )
This is the identity map, so RLEy = 1 on C"t. So FE, is injective. Similarly, we get
E_R_=1on C" so E_ is surjective.

We claim that 7'+ S is Fredholm. For the kernel, we have z € ker(T + S) <=
(T'+ S)z = 0. We can write this as
~|T 0
Plo)= 1)

where a= = Ryx € C"*. Using the inverse &, this is

bl =¢le] = 1)
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So we get that x € ker(T'+S) <= x = E a4 for some ay € ker E,. So F} :ker E_ —
ker(T + S) is surjective. Since we already know E. is injective, we get that ker(7T + 5) is
finite dimensional with dimker(7"+ 5) = dimker(E_) < ny.

Next consider By/im(T + S): Given v,

= [of=e[]

So we get that © = Ey+ E a4 and 0 = E_y+ E_ja4. We get that y € im(T + 5) <
E_y € imE_,. Now consider By/im(T + S) — C"-/E_4 sending y + im(T 4+ 5) +—
E_y+im E_,. This map is surjective, as FE_ is surjective, and it is also injective. So
dim coker(T + S) = dim coker E_ | < cc.

So T + S is Fredholm, and

ind(T'+ S) = dimker E_ —dimcoker E_y =ind E_; =n; —n_ = ind(7). O

Corollary 2.1. The set of Fredholm operators is open in L(B1, Bz), and T +— ind(T) is
locally constant.

The proof also gives the following;:

Corollary 2.2. T — dimker T is upper-semicontinuous on the set of Fredholm operators.

2.2 The logarithmic law

Proposition 2.1. Let T € L(B1,Bs) and Ty € L(Bg, Bs) be Fredholm. Then 15Ty is
Fredholm, and we have the logarithmic law:

ind T2T1 = ind T2 + ind Tl.

Proof. Consider T] : kerTbT) — kerT, sending = +— Tixz. Then ker7] = kerTi, so
dim(ker(7271)/ ker 1) < dim ker Ts. So dimker 75T} < oc.
Now consider

Tl
0 —— Bg/imTl *2> Bg/ingTl # Bg/imTQ e O,

where
Ty(z +imTy) = Tox +im ToTh, q(z +1imToTy) = z + im Ts.

The sequence is exact at Bs/im ToT1: im T4 C ker ¢ by definition, and if x+im 757 € ker g,
then x € im Ty, so x + im 7»T; € im 7. We have

dim(coker(7277)/ ker q) < dim coker 75, dimker ¢ = dimim 7% < dim coker 77,



SO

dim coker(7577) < dim coker T} + dim coker T5.

To compute the index, consider

I 0 Ircost Iosint

L) = [0 TJ [—I2sint Igcost] [Tl .

0 I

:|:Bl@B2—>B2@Bg, teR’IQZidBQ.

This is a product of three Fredholm operators, so L(t) is Fredholm for all ¢t and ¢t — L(t)
is continuous. So ind L(t) is independent of ¢! When ¢ = 0,

w-fs 4]

1 0
0 I

[noo
“ o B

so ind L(0) = ind 77 + ind T5. When t = —7/2, we get

L(-m/2) =

L(—7/2) F

[0
T>T

I
e

- T
y_ Tngx ’

which gives ker L(—n/2) = ker ToT1 & {0}. We get ind L(—n/2)
index is locally constant, we get the logarithmic law.

ind(72T1). Since the
O



3 The Fredholm-Riesz Theorem

3.1 The Fredholm-Riesz theorem

Theorem 3.1 (Fredholm-Riesz). Let B be a Banach space, and let T € L(B, B) be com-
pact. Then 1 — T is Fredholm, and ind(1 —T) = 0.

Remark 3.1. If B is a Hilbert space, we can prove this more easily by using the fact that
compact operators can be approximated by finite rank operators.

Proposition 3.1. Let T € L(B, B) be compact. Then
1. ker(1 —T) is finite dimensional.
2. im(1 —T) is closed.

Proof. 1. Let x, € ker(1 — T') with ||z,|| < 1. Then z, = Tz, has a convergent
subsequence. Then the identity map on ker(1—17") is compact, so dim ker(1—7") < co
(by Riesz’s theorem).

2. Let y € im(1 —T), and let z,, € B be such that y, = (1 — T)x,, — y. Consider
dist(zn, ker(1 — T)) = inf,cker(i—7) [[Zn — 2||. There exists some z, € ker(l —T)
realizing this infimum: ||z, — 2z, | = dist(z,, ker(1 — T)).

We claim that the sequence (z,, — z,) is bounded: otherwise, ||z, — 2,|| — oo along
—Z

a subsequence. Let w, = m’ S0
1-T —
(e [%n — 2|

Passing to a subsequence, we may assume that Tw, — v € B and then w, — v,
where v € ker(1 —T'). Now

dist(wn, ker(1 —=T)) = inf |2n = 2n — 2| _ dist(zn, ker(1 = T)) _ .
z€ker(1-T) Ha:n — ZnH ||gjn — ZnH

for all n. This proves the claim.

Passing to a subsequence, we may assume that T'(x, — z,) — ¢ € B. Also, y, =
(1 -=T)(xn — 2n) = y, SO Ty — 2, — y + £ = g. Since T is continuous, (1 —T)g
lim, oo (1 = T)(xp, — 2n) =y. Soy € im(1 —T). O

3.2 Adjoints of inclusions and quotients

To show that dim coker < oo, we will use duality arguments:

10



Definition 3.1. If By, By are Banach spaces with duals B}, By and bilinear maps (z, ) I
Bj x Bf — C and if T' € L(B1, Bp), then the adjoint T*L(B3, BY) is defined by

(Tx,m)y = (x, T n), Vx € By,n € B;.

Definition 3.2. If B is a Banach space and W C B is a closed subspace, the annihilator
We C B* is given by
We={{e€B*: (z,§) =0Vz € W}.

Proposition 3.2. Let B be a Banach space, and let W C B be a closed subspace.

1. Let i : W — B be the inclusion map. Then i* : B* — W* wvanishes on W° and
induces an isometric bijection B*/W° — W*.

2. Let q : B — B/W be the quotient map. Then the adjoint ¢* : (B/W)* — B* is an
isometry with the range W°.

Proof. 1. We have (iz,§) = (x,1*¢), so i*¢ is the restriction of £ to W. So keri* = W°.
i* 1 B* — W™ is surjective by Hahn-Banach.

2. We have (qz,n) = (x,q*n), so ¢* : (B/W)* — B* sends ¢*n to x — (qz,n). So if
q*n = 0, then n = 0; i.e. ¢* is injective. Also, im ¢* C W°, and in fact, im ¢* = W°: If
& € W°, define n by (qz,n) = (x,§) and £ = ¢*n. Check that the norms are equal. [

3.3 Proof of the Fredholm-Riesz theorem

Recall that T' € L(B, B) is compact. We want to show that coker(1 — T) is finite dimen-
sional, and we know that it is closed.

Proof. Apply (B/W)* = W? with W =im(1 —T).
(im(1-T7))°={{eB": (1 -T)z,§) =0Vx € B} =ker(1 —T7).
T* is compact, so dim(im(1 — 7"))° < oco. This shows that (coker(1 —T'))* = ker(1 — T7),
so dim coker(1 — T') = dimker(1 — T%) < co. So 1 — T is Fredholm.
Finally, for 0 <t <1,

ind(1 — T) = ind(1 — t7) = ind 1 = 0. 0

11



4 Sums of Fredholm and Compact Operators and The Toeplitz
Index Theorem

4.1 Fredholm plus compact is Fredholm

Last time, we proved the Riesz-Fredholm theorem, which says that if T € L(B, B) is
compact, then 1+ 7 is a Fredholm operator with ind(1 +7") = 0.

Proposition 4.1. An operator T' € L(By, Ba) is Fredholm if and only if there exists a map
S € L(By, By) such that TS — 1 and ST — 1 are compact on By and By, respectively.

Proof. (<=): Let S € L(B2, By) be such that ST =1+ K; and T'S = 1 + K5, where K
is compact on Bj for j = 1,2. Then ker T' C ker(1+ K1), so ker T' is finite-dimensional. On
the other hand, im 7" D im(1 + K3): Let Y C By be such that dimY = dim coker(1 + K3),
so Bo=im(1+ Ky) @Y. fY =imTNY,s0oY =Y; ®Ys, then By =imT @ Ya. So we
get dim coker 7' = dim Y5 < dim Y = dim coker(1 + K3) < oo.

( = ): We follow the Grushin approach: If n, = dimkerT and n_ = dimcoker T,
then there exist an injective R_ : C"~ — By and a surjective R, : By — C"+ such that
the Grushin operator

T R_
— . n— n4
P_[R+ 0}.31@(: — By ®C

is invertible with inverse

_|E By
£= [ B EJ |
Moreover,
_ _|R R_||E E,| |TE+R_E_ x
1_P8_[R+ O}L?_ E_+]_[ * *]’
so TE+ R_FE_ =1 on By, where R_FE_ has finite rank. Similarly, using 1 = £EP, we get
ET —1=—-FE_ Ry, where EL R, has finite rank on Bj. O

Remark 4.1. If S € £(Bs, B;) is such that ST — 1 and 7'S — 1 are compact, then S is
Fredholm, and ind(S7T) = 0. The logarithmic law gives ind(ST") = ind .S +ind 7', so we get
indS =—indT.

Theorem 4.1 (Fredholm theory). Let T' € L(Bj, Ba) be Fredholm, and let S € L(Bj, Ba)
be compact. Then T + S is Fredholm, and ind(T + S) = ind T

Proof. Let E € L(B2, By) be such that TE—1, ET —1 are compact. Then (T'+S)E—1 and
S(T+S)—1 are compact, so T+ is Fredholm. Moreover, ind(T'+S) = ind(T'+tS) = ind T
for all ¢ € [0, 1]. O

12



4.2 The Toeplitz index theorem

Here is a nice example of a Fredholm operator.

Example 4.1. Consider LQE(O, 2m)) = L*(R/27Z). If u € L*((0,27)) and the Fourier
coefficients are u(n) = 5 [5" w(f)e ™’ df, then u(d) ~ 3, ,u(n)e™’. Consider the
Hardy space H = {u € L? : (n) = 0 for n < 0}, which is a closed subspace of L?((0, 27)).
The associated orthogonal projection 7 : L? — H sends >, ., u(n)e™ — 3" ti(n)e™.
Let f € L°°((0,27)). Associated to f is the Toeplitz operator Top(f) : H — H given

by Top(f)u = m(fu). Then Top(f) € L(H, H), and || Top(f)|l (i) < || floo-

Theorem 4.2 (Toeplitz index theorem). If f € C(R/2nZ) is nonvanishing, then Top(f)
is Fredholm on H, and ind Top(f) = —winding number(f).

To define the winding number, write f(8) = 7(0)e¥?), where r > 0 and r,¢ are

continuous on [0, 27r]. Then the winding number of f is w.

Proof. To prove the Fredholm property of Top(f), we will try to invert Top(f) with a
compact error. We claim that if f,g € C(R/2nZ), then Top(f) Top(f) = Top(fg) + K,
where K is compact. Write Top(f) = wM; and Top(f) = wM,, where M means a
multiplication operator. Then

MM, = (7 My + [My, 7)) My = 72 M, + 7[My, 7|M, = Top(fg) + K,
where [My, 7] = Mym — wM; is the commutator L? — L? and K = w[My, 7|My. To show
that K is compact, it suffices to show that [AM, 7] is compact on L2
Case 1: If f(#) = ¢™?, with n € Z, then
[M meﬂ']eikg — (62'119 O — T O ein@)eikH

e

If n >0,
o k>0
B _ﬂ(ei(n+k)9) k<0,

where the latter expression = 0 if k < —n. So [M_ine, 7] is of finite rank on L.
We will finish the proof next time. O

13



5 The Toeplitz Index Theorem and Analytic Fredholm The-
ory
5.1 The Toeplitz index theorem

Last time, we had the Hardy space H C L?*(R/27Z) of functions u with %(n) = 0 for n < 0.
Given f € C(R/27Z), we defined Top(f) = 7M.

Theorem 5.1 (Toeplitz index theorem). If f € C(R/2nZ) is nonvanishing, then Top(f)
is Fredholm on H, and ind Top(f) = —winding number(f).

Proof. We had the claim that for all f,g € C(R/27Z), then Top(f) Top(g) — Top(fg) is
compact. We saw that this is 7[M, 7] M, so we only need to show that [My, 7] is compact
from L? — L2. If f(0) = €™ (or more generally, a trigonometric polynomial), then [M, 7]
is of finite rank; we showed this last time.

In general, given f € C(R/27Z), let f,, be trigonometric polynomials such that f, — f
uniformly on R/27Z. Then

[[My, 7] = [My,, w]|| = [IIMs— g, 7| < 2[f = fallu = O

So [My,n] is compact, and we get the claim.
If f# 0, we take g = 1/f, so Top(f) Top(g) — I is compact. So Top(f) is Fredholm.
To compute ind Top(f), observe that if g, h are continuous (and nonvanishing), then

ind Top(gh) = ind(Top(g) Top(h)) = ind Top(g) + ind Top(f).
Write f(0) = r(f)e=?® with r, ¢ continuous on [0,27] and r > 0. Then
ind Top(f) = ind Top(r) + ind Top(e"?)

We have ind Top(r) = ind Top(r¢) for 0 < ¢ < 1, where r4(0) = (1 — t)r(0) +¢1 > 0. So
ind Top(r) = 0.

= ind Top(e"®).

To compute ind Top(e*#), consider f;(8) = (=D O+iNW for 0 < t < 1, where N =

©(2m)—¢(0)

o is the winding number. Then f; is 2w-periodic and continuous in t. We get

ind Top(e'#) = ind Top(f;)
= ind Top(eV?)

In general, if T is Fredholm, indT" = dim ker T" — dim ker 7.

— dim ker Top(e*M?) — dim ker Top(e*V?)*

14



To find the adjoint, we have (Top(f)u,v)> = (w(fu),v)r> = (fu,v)p. = (u, fv),, =
<7Tu, fv>L2 = <u,T0p(f)v>. So Top(f)* = Top(f).

= dim ker Top(e'M?) — dim ker Top(e~*V?).
Here, we have
. 0 N>0
dim ker Top(e*V?) = -
-N N<O
Altogether, we get
ind Top(f) = —N. O

5.2 Analytic Fredholm Theory

Definition 5.1. Let 2 C C. A holomorphic family 7'(z) € L(Bj, Bg) for z € Q is a
family such that Q — L£(B1, Ba) sending z — T'(z) is holomorphic (as an operator-valued
function).

Remark 5.1. We can define holomorphic operator-valued functions in two ways: z — T'(z)
is holomorphic if

1. For all z € Q, ||w —T'(2)|| = 0 as h — 0 for some T'(z) € L(B1, Ba).
2. For every x € By and £ € B;, z — (T(2)x,&) is holomorphic.

Theorem 5.2 (analytic Fredholm theory). Let @ C C be open and connected, and let
T(z) € L(By,B3) for z € Q be a holomorphic family of Fredholm operators. Assume that
there exists a zo € Q such that T'(zp) : B1 — B2 is bijective. Then the set

Y ={2€Q:T(2) is not bijective}
is discrete.

Proof. Notice first that ind T'(z) = ind T'(29) = 0 for all z. Let z; € Q, and write ng(z1) =
dimker T'(z1) = dim coker T'(z1). Introduce the Grushin operator

T(z) R_(z1)

_ . no(z1) no(z1)
P..(z) = [R+(z1) 0 ] :B1aC — By C .

We know that P,, (z1) is invertible. So there is a connected neighborhood N(z1) C € of z;
such that P,, (z) is bijective for z € N(z1), depending holomorphically on z. Let

E4(2) = Psy(2) 7't Bp@ Cmo) — By @ Cro)

8= o) B
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depending holomorphically on z.

We claim that for z € N(z1), T(z) : By — Bs is bijective <= F_,(z): C" — C"
is bijective. This will allow us to analyze invertibility of T'(z) via a holomorphic function,
det E_1 (2). O
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6 Consequences of Analytic Fredholm Theory

6.1 Analytic Fredholm theory

Last time, we were proving the analytic Fredholm theory.

Theorem 6.1 (analytic Fredholm theory). Let Q C C be open and connected, and let
T(z) € L(B1,Bs) for z € Q be a holomorphic family of Fredholm operators. Assume that
there exists a zo €  such that T'(z9) : By — B is bijective. Then the set

Y ={z2€Q:T(z) is not bijective}
1s discrete.
Proof. Let z; € Q. Then there is a neighborhood N(z;) of 21 such that for every z € N(z1),
the Grushin operator
e[
is bijective with the inverse

_[B() Ea(2)
)= |5 B)

We claim that for z € N(z1), T(2) : B; — Bs is bijective <= E_4(z):C" — C™ is
bijective.? Check:

:| : By ® C" — By @ CM.

T R_ E E+ . 1 0 B -
[R+ 0 ] [E— E—J N {0 1] — TE+R.E_=1TE +R E 4 =0.

If E:i exists, then R_ = —TE+EL1F, SO
T(E-E-E_1E_)=1.

So T ! exists and
T74(z2) = B(z) - By (2)B—1.(2) " B_(2).

Using that EP = 1,50 E.ER_ =1land E.T+ E_ Ry =0, we get T~! exists = E_
exists.

We get for z € N(z1) that T'(2) is invertible if and only if det E_ (2) # 0. The function
det E_4(z) is holomorphic on N(z1). So either det E_,(z) =0, or det E_;(z) # 0 in a
punctured neighborhood of z1. Let Q = {z € Q : T(2/) is invertible V2’ # z near 2z} and
Qp = {z € Q:T(%) is not invertible V2’ # z near z}. Then each ; is open, Q; U Qy =,
and Q) # @ (as zp € 1). Since 2 is connected, Q; = Q and thus, ¥ = {z € Q :
T(z) is not invertible} is discrete. O

*What we lose from this reduction is that if T(z) has some simple dependence of z (e.g. polynomial),
E_,(z) may not have a simple dependence. In some contexts, the operator E__ is called the effective
Hamiltonian.
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Remark 6.1. The map Q\ ¥ — £(Bsg, By) sending z ~ T'(z)~! is holomorphic. Consider
T(z)~! for z in a punctured neighborhood of w € 3: We have

T7(2) = B(2) — B4 (2) By (2) " E_(2),
where F, E,, E_ are all holomorphic in a neighborhood of w. We have that

holomorphic near w

E_(2)t=
+(2) det E_(2) ’
so we have a Laurent expansion
_ R_Ny, R4
E_ P =N 4 Hol
+(Z) (Z-UJ)N0+ +Z—U}+ O(Z)7

where 1 < Ny < oo and the R; are of finite rank. Combining these formulas, we get that
2+ T(2)~! has a pole of order Ny at z = w:

A_p, Ay

(z—w)M T

T(z)" ' = +Q(z), Q(z) holomorphic near w,
where for 1 < j < Ny, the A_; € L(B2, B1) n be expressed in terms of R_p,..., R_; and
are therefore of finite rank.

6.2 Application: the residue of the resolvent

Here is an example/special case of the analytic Fredholm theory.

Assume that By C By with continuous inclusion, and let T'(z) = T — z for z € Q, where
T is some operator. Assume that 7'(z) is Fredholm for each z and that T'(z)~! exists for
some zy € Q. We get a Laurent expansion for the resolvent (T — 2)~! at w € X:

A_N, A_q

(RS TR —

(z—T)"' = + Q(2), Q(z) holomorphic near w.

for 0 < |z —w| < 1.

Proposition 6.1. The operator I1 := A_; is a projection® on By which commutes with T
(on Bi).

Proof. Integrate the Laurent expansion along 7, = 0D (w,r) for 0 < r < 1. Then

1
H=— [ (z—T)""dz.
27 /s,

3This is sometimes called the Riesz projection.
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We claim that I12 = II: Let 0 < 1 < 79 < 1, and write

~[ [ e-mre-ntZ
S 21y 21
1

Using(Z-T) ' —(z-T)"'=EZ~-T)"Y2-2)(z = T)~!, we have

e EE [ e E
Yrg ey 2 27 Yoy 2 27

The second term is 0 by applying the Cauchy integral formula on the inner integral.

2

So we get

Remark 6.2. We know that T'(RanII) C RanIl C B;, where RanII is finite dimensional,
and let us check that (T' — 2z)|Ran1 is nilpotent:

1
(T — zp)Il = 3 %(T—zo)(z—T)_1 dz
- (T—z)(z—T)ldz+1/ (2= 20)(z = T) " dz
27 - 27i )., 0
=0
= [ G-)e-T)
~omi )., z—20)(z 2.
It follows that 1
(T — 2)’TL = — / (z—20)/(z = T) "t dz.
27 )y,

And if j = Ny, we get (T — 29)NoII = 0, as (z — 29)V°(z — T')~! is holomorphic.
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7 Introduction to Unbounded Operators

7.1 Motivation from quantum mechanics

In this part of the course, we will discuss spectral theory of self-adjoint operators. We are
most interested in unbounded operators, the background of which comes from quantum
mechanics.

Classical mechanics: The classical phase space is R?" = R? x R?, where x is position

and ¢ is momentum. Classical observables are, for example, C*°(R?") functions.

Example 7.1. The Hamiltonian is
(@, &) = ¢ + V()
where V' (z) is a potential.
In classical dynamics, we have the Hamilton equations

{x(t) = pl(x,€)
£(t) = —ph(z,€)

Quantum mechanics: We have a Hilbert space H = L?(R"). Quantum observables are
self-adjoint operators on H.

Example 7.2. Quantum observables corresponding to z; and §; are M,,, multiplication
by z;, and Dy, = %8%.. These can not be defined on the whole space, so they will come
with their own domains. Associated to p is the Schrédinger operator

P=—-A+V(x).

Quantum dynamics is given by the Schrodinger equation

ou
t— = Pu, uli—o = ug € L.
5 |lt=0 = uo

Formally,
’ u(t) = e .

Interpreting what it means to exponentiate an unbounded operator will be one of the points
of our theory.
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7.2 Unbounded operators

Let H be a complex, separable Hilbert space, let D C H be a linear subspace, and let
T : D — H be alinear map. Then D = D(T') is the domain of 7. We shall always assume
that T is densely defined, so that D(T) is dense in H. Associated to T is the graph? of
T: G(T)={(x,Tz) :x € D(T)} CH x H.

Definition 7.1. We say that T is closed if G(T) is closed subspace of H x H.

Definition 7.2. The operator T is closable if G(T') is the graph of an linear operator
T :D(T) — H, called the closure of T.

Note that
D(T)={z € H:3z; € D(T) s.t. x; = z,Tzj conv. in H,Tx =limTz;}.
So
T is closed <— if x, € D(T), 2z, — =, and Tx,, — y, then x € D(T) and Tx = y.
On the other hand,

T is closable <= G(T') contains no element of the form (0,y) with y # 0
— ifx, € D(T), , » 0, and Tx,, — y, then y = 0.

Example 7.3. Let T = —A on L%*(R"), with D(T) = C§°(R"). Then T is densely defined
and closable: If p,, € C° are s.t. ¢ — 0 in L? and Ap,, — ¢ € L?, we want ) = 0. For
any f € C§°, [ ¢nf — 0, and integrating by parts gives [ Ap,f = [ ¢pAf — 0. On the
other hand, [Ap,f — [ f. We get that [ f = 0 for all f € C§°. So ¢y = 0. In the
language of distributions, ¢, — 0 in D’'(R™), so Ay, — 0in D’. So ¢ = 0.

We claim that T = —A with D(T) = H?*(R") = {u € L? : 9% € L% |a] < 2}, a
Sobolev space. Here, a = (a1,...,a,) € N” is a multi-index, 0% = 9g! --- 93", and
la| =377 a;. Here, 0%u € L? means that there exists some f, € L? such that 0% = fa;
that is,

(=1)l /ua%p = /facp Vo € CS°.
We have
D(T) = {ue L2 : 3pn € CL st on L5 u, Ay conv. in L2}, Tu = lim(—Apy).
Hence, if u € D(T), then Au = lim,, Ap,, € L?. Then

D(T) C{uc L?: Au c L?} = H*(R"),

4The idea of thinking about unbounded operators in terms of their graphs goes back to von Neumann.
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as taking the Fourier transform, this is
D(T) C{ue L?: (|¢*+ 1)a e L?}.

We also have H?(R") C D(T), as C§°(R") is dense in H?(R") (the norm on H? is given
by [lul|g2 = 3|4 <2 [0%ul[12). This is the same proof that C3°(R") is dense in L3(R™).
We get that T'= —A with D(T) = H?(R") is closed and densely defined.

Next time, we will define what it means for a densely defined operator to be self-adjoint,
and we will see that this operator is indeed self-adjoint.
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8 Realizations of Partial Differential Operators

8.1 Maximal and minimal realizations

Last time, we considered the unbounded operator 7' = —A on L*(R™) with D(T) =
C&°(R™). We saw that T = —A with domain D(T) = H2(R") = {u € L? : Au € L?}.
Example 8.1. Let 2 C R™ be open, and let P = P(x, D,) be a linear partial differential
operator with C'°° coefficients:

1
P = Z aq(x) DY, ao € CF, Dy, = Z&T

J
laj<m

The operator Py on L?(Q) with D(Pp) = C§°(f2) is densely defined and closable: if

up, € C5°(2) with uy, L—2> 0 and Pu, L—2> v, then v = 0. The closure of P, denoted by
Ppin, is called the minimal realization of Py with domain D(Pyy) = {u € L? : Ju, €
C§° s.t. up — u, Puy, conv. in L2}

If u € D(Puin), then Pu € L?(f2), where Pu is defined in the sense of distributions. So
D(Pnin) € {u € L? : Pu € L*}. We also introduce the maximal realization P,y of Po,
given by D(Ppax) = {u € L? : Pu € L?} with Pyaxu = Pu for all u € D(Ppax). We get
Po C Puyin € Prpax, meaning D(PQ) c D(Pmln) c D(Pmax) and Ppax = Pyin on D(Prnin)-
Both Pin and Py are closed.

8.2 Realizations of order 1 partial differential operators with smooth
coefficients

Proposition 8.1. Let P = Y, ax(x)Dy, + b(x) be an operator of order 1 on R™ with
ar,b € C®°(R")NL>®R") and Vay, € L>*. Then the minimal and the maximal realizations
of P agree: D(Ppin) = D(Pmax)-

Proof. Let u € D(Ppax). We have to show that u € D(Pyn); that is, we show there

2 2
exists a sequence u, € C§°(R") such that w, L and Pu,, L%, Pu. Notice first that if
2

x € C°(R™) with x = 1 near 0 and x;(z) = x(jz) for j = 1,2,..., then x;u L. We
may write P(x;u) = x;Pu + [P, x;]u. The first term goes to Pu in L?, and

P = (Pox; — x;P)u= Zam);wmkx)(x/j) 0.
k=1

Thus, when proving that u € D(Puyin) can be approximated by C§° functions, we may
assume that v has compact support.
Regularize u: Let 0 < ¢ € CP(R") with [ = 1, let ¢.(z) = Lp(z/e), and let

Jeu = (u* @) (x) € C°(R™). Then J; 2. Compute:
P(I.u) = J.Pu+ [P, J:]u
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Since Pu is compactly supported and in L2, the first term goes to Pu in L?. Let’s get rid

of the b term: ,
(b, JeJu = b(Jow) — J-(bu) <5 0.
b b
—bou u

Since [P, J;] = Y laxDx,, J-] + [b, J:] it now suffices to show that [ayDy,, J-Ju — 0 in L?
for all w € L2. This is Friedrich’s lemma. O

Lemma 8.1 (Friedrich’s lemma). Let u € L*(R") and aj, € C°(R™). Then

[ax Dy, , Je]u 2.
Proof. Observe first that if u € C§°(R"™), then
l[ax Dy, , Je]u = ap Dy, (Jew) — J:(ag Dy, w)

Since ap Dy, u € C§°, the second term goes to a;D,, u in L?. The first term also goes to
apDy,u in L?. So this goes to 0.

It only remains to show that ||[axDy,, J:|ul/r2 < Cllul|r2 for 0 < e <1 and u € C§°.
Compute

We(z) = [ag Dy, Je|u(z)

1 1
1

- / ax(@)u(z — ey)~(Drg)(y / a(z — ey) (Days) (& — ey) o(y) dy
—_——

=—1/eDy; (u(z—cy))

(‘r)

Integrate by parts in the second integral.

~ [a@u@ - ) 2(D0)0) - [ arle - eypuls - ) D

So we get
(We(2)] < Calul * @ O
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9 Adjoints of Unbounded Operators

9.1 Adjoints

Last time, we showed that if P =3, aa(2)D on L*(Q) where Q C R" is open and
aq € C™(Q), then we get a minimal realization: P, with D(Pyi,) = {u € L? :
dpn, € CP(Q) : @ — u, Ppy, conv.} given by Ppinu = lim, o Pyy,. We also defined the
maximal realization Py, with D(Pu.x) = {u € L? : Pu € L?}, where Pu is taken
in the sense of distributions. Here, we have Py € Prax, where both of these are closed
operators.

Recall the definition of an adjoint: In a Hilbert space H, if T' € L(H, H), the adjoint
T* € L(H,H) is defined by (Tx,y) = (x,T*y) for all z,y € H. For unbounded operators,
we will define this, paying attention to the domains.

Definition 9.1. Let T': D(T') — H be densely defined. We define the adjoint 7™ by
D(T*)={ve H:3f € Hst. (Tu,v) = (u, f) Vue D(T)},
T v = f.
Remark 9.1. The requirement that 7" is densely defined is crucial to this definition. D(T")

is dense, so f is unique if it exists. In particular, (Tu,v) = (u, T*v) for all u € D(T') and
v e D(T*).

Remark 9.2. By the Riesz representation theorem,

D(T*)={ve H:3C =C, > 0st. | (Tu,v)| < Cllul|l,u e D(T)}.

9.2 Examples: adjoints of differential operators

Example 9.1. Let Q C R" be open, P = 3, -, aa(2)D* with aq € C*(Q), where
D = 19. Let Pq = P with D(Pq) = C§°(). Let’s compute Pg.

First, associated to P is the formal adjoint P* defined by (Pu,v);» = (u, P*v) . for
all u,v € C§°(2) (such an operator exists for any differential operator). We can calculate
the formula using integration by parts:

Pro= Y D2(aq(z)v).
laj<m

So P* is a differential operator of order m with C'°° coefficients.
To compute the adjoint P, we have

D(Py) ={ve L?:3f € L? s.t. (Pu,v);2 = (u, f) Yu € C5°(Q)}
={veL*: Pv=fecL?,

where P*v is taken in the sense of distributions. In other words, D(P) = {v € L?*: P*v €
L*} = D(P},), the maximal realization of the formal adjoint, and Pgv = P*v.

max
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Sometimes, we can give a nice local description of the domain of the adjoint.

Example 9.2. Assume that P = Z|a\§m aq(x)D* is elliptic in the sense that if p(x,§) =
szm aq ()€ for z € Q,& € R™, then p(z,£) # 0 for all x € Q,£ # 0. Then we have

{ve L?: Pve 1%} C HIL(Q) = {u € L (Q) : 0%u € L}, (Q) V]a| < m),

a local Sobolev space.

9.3 The graph of the adjoint
Proposition 9.1. Let T': D(T) — H be densely defined. The graph of the adjoint is

G(T*) = V(G(D)],
where V : H x H — H x H sends (u,v) — (v, —u).

Remark 9.3. Taking the closure is a matter of taste. Since we are taking the orthogonal
complement, it does not matter whether or not we close the graph or not, since the result
will be closed.

Proof. When uw € D(T) and (v,w*) € H x H, we have
(V(u, Tu), (v, w")) gy g = (Tu,v) — (u,w").

The right hand side is 0 for all w € D(T) if and only if v € D(T*),T*v = w*. This
is equivalent to (v,w*) € G(T™). The left hand side is 0 for all u € D(T) iff (v,w*) €
[V(G(T))]. So G(T*) = [V(G(T)[+ = [V(G(T))] - O

Corollary 9.1. T* is closed.

Remark 9.4. If densely defined operators 77 C T3 in the sense that G(T1) C G(Tz), then
Ty C T7.

Is T™ densely defined?
Proposition 9.2. T is closable if and only if D(T*) is dense. In this case, (T*)* =T.

Proof. ( = ): Assume there is a nonzero w € H such that w L D(T*). Then for every
ve D(TY),
<(O> w)a (T*U7 _v)>H><H =0,
so (0,w) € [V(G(T*)]* = V(G(T*)'). Recall that G(T*) = [V(G(T))]*, so (0,w) €
V(V(G(T))). V2 = —1,s0 (0,w) € G(T). Sow =0, as T is closable.
( <= ): The proof is a similar computation. O
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10 Symmetric and Self-Adjoint Operators

10.1 Adjoints of closable operators

If T: D(T) — H is densely defined, we defined the adjoint 7% with G(T*) = [V (G(T))]*,
where V(u,v) = (v, —u). Let’s finish a proof we started last time.

Proposition 10.1. T is closable if and only if T™ is densely defined.

Proof. (= ): We did this last time.
(<= ): If D(T") is dense, then (T%*)* is a closed operator such that

F(T*) = [V(G(T")F = V(G(T")") = V(V(G(T))) = G(T),

where we have used V2 = —1. So T is closable, and T** = T. O

10.2 Symmetric and self-adjoint operators

Definition 10.1. Let S : D(S) — H be densely defined. We say that S is symmetric if
(Sz,y) = (z, Sy) for all z,y € D(S).

Example 10.1. S = —A on L*(R") with D(S) = C§°(R") is symmetric. However, we
will see that this operator is not self-adjoint.

S is symmetric if and only if § C S*.
Proposition 10.2. If S is symmetric, then S is closable and S is symmetric.

Proof. If u, € D(S) with u, — 0 and Su,, — ¢, then (u,, Sv) = (Suy,v) — (¢,v). On the
other hand (uy,, Sv) — 0, for all v € D(S). So £ =0, and S is closable.
If S C S*, where S* is densely defined, then S = $** C §* = §". So S is symmetric. [

Given a symmetric operator S, we have two natural closed extensions: S and S*.

Definition 10.2. A linear, densely defined operator T': D(T") — H is called self-adjoint
if T'=1T%.

Note that this means that D(T') = D(T™). Any self-adjoint operator is closed, since
adjoints are closed. We have

T is self-adjoint <= T is symmetric and D(T") = D(T™)
<— (Tz,y) = (z,Ty) Vax,y € D(T), and
if (x,y) € H x H with (Tz,x) = (z,y) Vz € D(T) = =z € D(T).

Proposition 10.3. Let S be closed and symmetric. Then S* is symmetric, so S is self-
adjoint.
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Proof. S* is symmetric, so S* C S* = S, as S is closed. Also, S C S*, so S is self-
adjoint. ]

Example 10.2. Let H = L?(R"), and let m : R® — R be Lebesgue measurable. Let
D(A) = {f € L* : mf € L?} and Af = mf for all f € D(A). We claim that A is
self-adjoint.

Check first that D(A) is dense in L% For any f € L2, —{— € L2, as well. So if g € L2

? 14[m]
with g L D(A),
f
dx =0,
/ YT ml
%Iml =0, giving g = 0.

A is symmetric, as m is real. Now let (g, h) € L? x L? be such that (Af, g) = (f,h) for
all f € D(H). Then for all f € L?

/mfg_ A
1+ |m| 14 |m|

mo_ F O\,
/<1+\m19‘1+m|>f‘0

for all f € L2 So mg = h, which gives g € D(A).

which means that

SO

Example 10.3. Let 7 = —A on L?(R") with D(T) = H?(R") = {u € L? : Au € L*} =
{u€ L*: 0% € L*V|a| < 2}. Then T is self-adjoint.

T is symmetric: (—Au,v);» = (u, —Av);, for all u,v € H?. This is true for u,v €
C§°(R™), which is dense in H%(R™). Alternatively we could prove this by taking the Fourier
transform, where T acts as a multiplication operator.

Let (g,h) € L? x L? be such that (—Au, g);2 = (u, h) for all g,h € H?. In particular,
if u € C§°, we get —Ag = h € L? (taken in the weak sense). Then g € H?, and Tg =
—Ag =h.

10.3 von Neumann’s extension theory for symmetric operators

Let S : D(S) — H be a closed, symmetric (densely defined) operator. Can S be extended
to a self-adjoint operator? If S C T = T*, then T* C 5%, so we have an operator between
S and S* in general. If S is symmetric, these are the same.

Proposition 10.4. Let S be closed and symmetric. Then for any z € C\ R, S — z1 :
D(S) — H is injective, has closed range, and ||(S — z)u|| > | Im z|||u|| for u € D(S).

Proof. Write z = x 4+ iy. Then

(S — 2)ul|? = (S — z)u+ iyu, (S — z)u + iyu)
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= [|(S = z)ull* + y*||ull?
201,112
>y llull”,
so S — z is injective.

Im(S — 2) is closed: If y € Im(S — z), there exist z,, € D(S) such that (S — z)x, — .
By this inequality, z,, — x € H. Since (S — 2) is closed, x € D(S). O

Here is the idea due to von Neumann: Study the Cayley transform of S, T =
(S +4)(S —i)~L.
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11 The Cayley Transform of Symmetric Operators

11.1 The Cayley transform

Let S : D(S) — H be closed, symmetric, and densely defined. We have shown that S £ ¢
are injective iff Im(S =+ ) is closed, and [|(S +4)z||? = ||(S — i)z (= ||Sz|]® + ||=|?).

Definition 11.1. The Cayley transform T of S is the operator T = (S +i)(S — i)~ ! :
Im(S — i) — Im(S + ).

The above norm calculation shows that 7" is an isometric bijection.

Proposition 11.1. T — 1 is injective, Im(T — 1) = D(S), and S = i(T +1)(T — 1)7* :
D(S)— H.

Proof. If y € Im(S — i) with y = (S — i)z, then
(T-1y=(S+i)z—(S—i)x =2z
We get T' — 1 is injective and Im(7" — 1) = D(S). Similarly,
(T+1)y=(S+i)z+ (S —i)x =25z,
SO

1
ZSQ—Z,(T -1y =(T+1)y.

Then
S=i(T+1)(T-1)"" O

Conversely, let H1, Ho C H be closed subspaces, and let T : H;y — Hs be a unitary
map be such that Im(7'—1) is dense in H. We claim that 7'—1 is injective: If (T'—1)y =0
for y € Hy, then for z € Hy,

<y7 (T - 1)Z> = (y,Tz> - (ya Z> = <Tya TZ> - <y7 Z> = 0.
Define S : D(S) = Im(T — 1) — H by S = (T +1)(T — 1)1, We claim that S is
symmetric. For x = (T — 1)y € D(S),
(S, x) =i (T + 1)y, (T — 1)y)
i(ITyll” = (Ty,y) + (v, Ty) — [lyl*)
=i(—(Ty,y) + (v, Ty)) € R.

We get (Sz,z) = (x,Sz) for all z € D(S). Polarize this identity (i.e. z =y + 2,y +iz) to
get that S is symmetric.
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We claim that S is closed. If (z,z) € G(S5), there is a sequence y, € H; such that
(T — 1)y, —» x and (T + 1)y, — 2. Soy, -y € Hy. Ty, — Ty, so (T — 1)y, —
(T'—1)y =2 € D(S). Then

i(T+Dyp = i(T+ D)y =i(T+1)(T—-1)"1z=5z==z

Finally, let T} be the Cayley transform of S, 77 : Im(S — i) — Im(S + 4) with 171 =
(S+i)(S—i)"L Ifye D(S) =Im(T — 1) with y = (T — 1)z (z € Hy), then

S—dy=F—-)T—-1)z=i(T+ 1)z —i(T — 1)z = 2ix.
So D(Ty) = Hy = D(T). Now we check
1 ) 1 . 1 )
Tix=—=T1(S—i)y==S+i)y==S(T - Dz+i(T —1)x) =Tx.
27 21 20 e —
i(T+1)x

So the Cayley transform of S is T'.
We summarize the results in a proposition.

Proposition 11.2. Let S be closed, symmetric, and densely defined. Then the Cayley
transform T : Im(S — i) — Im(S + i) sending (S —i)x — (S + 1)z is unitary, Im(T — 1) =
D(S), T — 1 is injective, and S = i(T + 1)(T — 1)~'. Conversely, if Hy, Hy are closed
subspaces of H, T : Hy — Hy is unitary, and Im(T — 1) is dense, then T is the Cayley
transform of a unique symmetric, closed, densely defined operator S.

11.2 Deficiency subspaces

Now we are ready to check whether a closed, symmetric, and densely defined operator is
self-adjoint.

Definition 11.2. Let S be closed, symmetric, and densely defined. The deficiency sub-
spaces associated to S are Dy := (Im(S 4 1))+ = ker(S* F4). The deficiency indices
are ny = dim Dy (Hilbert space dimension).

The deficiency indices measure the extent to which S may fail to be self-adjoint.
We know Dy C D(S). Introduce also

D(S")|p. = Di = {(z,S*z) : # € D+} = {{x, +iz) : x € D4 }.
Theorem 11.1. Let S be closed, symmetric, and densely defined. Then
G(S)=G(S)@eDy®D_,

where the direct sum is orthogonal.
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Proof. Check first that G(S) L D (we check +): if z € D(S) and y4 € D

(2, 82), (Y4, iy+)) = (z,y+) + (Sz,iy4) = (2, y4) + (2,i57y4) = 0.
—_———

:<I,iiy+>
Also, ﬁ+ 1 D_:
<(y+7iy+)7 (y—a _/Ly—)> = <y+7 y—> + <iy+7 (1/Z)y—> =0.

By orthogonality, G(S) @ D, & lA)_Ais a closed subspace of G(S*). It remains to show
that if (y, S*y) is orthogonal to G(S), D+, then y = 0. We will show this next time.  [J
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12 Extending Symmetric Operators to Self-Adjoint Opera-
tors

12.1 Graph of the adjoint of a symmetric operator

Suppose we have a closed, symmetric, densely defined operator S : D(S) — H. We
introduced the deficiency subspaces Dy = (Im(S £ 7))+ = ker(S* ¥ 4) and the graphs
Dy =G(S")|p..-

Last time, were proving the following theorem.

Theorem 12.1. Let S be closed, symmetric, and densely defined. Then
G(S*)=G(S)® D@ D_,
where the direct sum is orthogonal.

Proof. It remains to show that if (y, S*y) L G(S5), D., then y = 0.

First, if (y, S*y) L G(S), then ((y, S*y), (z, Sz)) = 0 for allz € D(S). Then (Sx, S*y)+
(z,y) = 0 for all x € D(S). So S*y € D(S*) and S*(S*y) = —y. So ((S*)2 + 1)y =0. We
get (S* —1)(S* +1i)y =0, s0 (S*+ 1)y € Dy.

If (y, S*y) L Do, then {(y, S*y), (x,iz)) = 0 for all 2 € D,.. We get (y, z) + (S*y, iz) =
0, so —i ((S* +1i)y,x) =0 for all x € Dy. So (S* +1i)y = 0.

Similarly, (S*—i)y € D_ (changing the order in the factorization). Then (y, S*y) L D_,
so (S* —i)y = 0. So we get y = 0. O

12.2 Conditions for extending symmetric operators

Corollary 12.1. A symmetric, closed operator S : D(S) — H is self-adjoint if and only
if the deficiency indices ny = n_ = 0, or equivalently, Im(S £+ i) = H. FEquivalently, the
Cayley transform of S is unitary : H — H.

In general, we have the following;:

Corollary 12.2. A symmetric, closed operator S : D(S) — H has a self-adjoint extension
if and only if the Cayley transform T can be extended to a unitary map: H — H.

Proof. This follows from our correspondence between symmetric operators and their Cayley
transforms. O

Using the full strength of this result we have proven, we get the original result of von
Neumann’s extension theory.

Theorem 12.2 (von Neumann). A closed, densely defined, symmetric operator S : H — H
has a self-adjoint extension if and only if the deficiency indices are equal.
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Proof. Assume first that T' can be extended to a unitary map U : H — H (so Ul (s—) =
T). Write H = D(T) ® D_ and H = Im(T) @ D4 (orthogonal decompositions). It follows
that U|p- : D_ — D/ is a bijection, so the deficiency indices are equal: n_ = n.
Conversely, assume that n_ = n,. Let (ej) jed (e;) jes be orthonormal bases for D
and D_, respectively. Let T1 : D_ — D, take ZjEijej_ > ZjeJ a;jej. T} is unitary, so
the map U : H — H sending (y + 2) — Ty + Thz (where y € D(T),z € D_) is a unitary
extension of T. O

Remark 12.1. We say that closed, symmetric operator S is maximal if it has no strict
symmetric extension. If S is self-adjoint, it is maximal. In general, S is maximal if and
only if at least one of the deficiency indices equals 0.

12.3 Example: Extending the Schrodinger operator

Example 12.1. The Schrodinger operator: H = L*(R"), and P = —A + V(z), where
V € L2 (R™R). Equipped with the domain C§°(R"), P becomes symmetric and densely
defined.

We claim that P has a self-adjoint extension. We have to check that n, = dim ker(P* —
i) = dimker(P* +1i) = n_. Here, D(P*) = {u € L? : Pu € L?}, where Pu is taken in
the sense of distributions; Vu € Llloc, so it makes sense as a distribution. The complex
conjugation map I' : L2(R") — L?(R") sending u ~— @ satisfies: I'(D(P*)) C D(P*) and
', P*] = 0. Since I' : D_ — D is a bijection, the deficiency indices are equal. (Here, we
use that P is real.)
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13 Examples of Self-Adjoint Extensions

13.1 Self-adjoint extensions of differential operators

Let S : D(S) — H be symmetric, closed, and densely defined. Last time, we made the
observation that S is self-adjoint <= Im(S +1i) = H <= ker(S* F1i) = {0}. We also
saw that S has a self-adjoint extension <= dimIm(S + i)+ = dimIm(S — i).

Example 13.1. Let H = L?(R"), and let P = P(D) be a linear, differential operator with
constant, real coefficients:
1
P = Z aa D%, aa €ER,D = Za.
|ao| <m
Let Py, be the minimal realization of P: Pyin = P[cgo. Then P, is closed, densely
defined, and symmetric: if u,v € C§°,

(Pu,v)2 = /Puvd:c = Z /aaDauvd:L‘ = (u, Pv) ;2.

|laj<m

We claim that Py is self-adjoint. Check that ker(P*

min

{ue L?: Puc L?}. If u € D(Pum), then we get a differential equation:

+ i) = {0}: Here, D(P*

min) =
(Printi)u=0 <= (P(D)+i)u=0
Take the Fourier transform:
FIPD) £iju] =0 <= [ > aa&™+i | a(¢) =0.

laj<m

Then © =0, so u = 0.
Since Ppax = P, we get that Ppax = Pmin. So P has only one realization, which is
self-adjoint. That is, it only has one self-adjoint extension.

Example 13.2. Let H = L*((0,00)), and let P(D) = D = 14 Let Ppy = Plcge.
Compute the deficiency indices: (P(D) #+1i)i = 0 for u € L?((0,0)), so

1d
<,—'>u:0 — W +u=0 < u(z)=Ce®c L
So ny = 1. For the + case, we have
1d . / r
——+4ilu=0 <= v —u=0 < u(x) =Ce".
1 dx

But such a u ¢ L?((0,00)), so n_ = 0.
Thus, Py is maximal, symmetric, and has no self-adjoint extensions.
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Remark 13.1. We have omitted the argument that these differential equations have no
nonclassical solutions. We have

W +u=0 < (e"u) =0,

where this derivative is in the distributional sense. We use the fact that if u € D'(R) with
v’ = 0, then u is constant.

Remark 13.2. In this example, D(P

min

y={ue€ L?: Puc L?} = H((0,00)).

13.2 Essentially self-adjoint operators

Definition 13.1. Let S : D(S) — H be symmetric and densely defined. We say that S is
essentially self-adjoint if S is self-adjoint.

Here is an example.

Theorem 13.1 (Essential self-adjointness of the Schrédinger operator with a semibounded
potential). Let P = P(z,D) = —A + q(z), where ¢ € C(R™;R). Let Py be the minimal
realization of P: Py = P|cé>o, which is closed, symmetric and densely defined. Assume that
q>—C onR"™. Then Py is self-adjoint (i.e. P(x, D) is essentially self-adjoint).

Remark 13.3. —A > 0: If u € C5°, (—Au,u) = [ —Auu = [|Vu|?> > 0. We cannot let
the operator tend to —oo unchecked, which is why we need this semiboundedness condition.
This condition can be relaxed, but there needs to be some condition.

If ¢ were actually bounded, this theorem is easier to prove. One can prove that a self
adjoint operator plus a bounded self-adjoint operator is still self-adjoint (and with the same
domain).

Proof. D(P}) ={u € L?: Pu= (—A+q)u € L*}, and Pju = Pu for u € D(Py). We shall
show that Py is symmetric; that is, (u, Pju) ;. € R for all u € D(Fy). First, if u € D(Fy),
then Aue L . Sou e HE . ={ue L} : 0% € L% V|a| < 2}. In particular, Vu € L2 ..

We claim that if u € D(F;), then Vu € L?(R"). We may assume that u € D(P}) is
real (by considering real and imaginary parts separately). Consider

/ n(2)i Pu da / Gr(z)u(—A + q)uda,

where Y (x) = ¢ (tx), 0 < ¢ € C§°(R™) is a cutoff which is 1 near 0. The idea is that once
we introduce this cutoff, we can integrate by parts. We will get something like [ t|Vul|?
and will try to control this uniformly in ¢ to use Fatou’s lemma. O

We will finish the proof next time.
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14 Essential Self-Adjointness of Schrodinger Operators and
Perturbations of Self-Adjoint Operators

14.1 Essential self-adjointness of Schrodinger operators

Last time, we were proving the following theorem.

Theorem 14.1 (Essential self-adjointness of the Schrodinger operator with a semibounded
potential). Let P = P(z,D) = —A + q(z), where ¢ € C(R™;R). Let Py be the minimal
realization of P: Py = P|cgo, which is closed, symmetric and densely defined. Assume that
qg > —C on R™. Then Py is self-adjoint (i.e. P(x, D) is essentially self-adjoint).

ioc- We shall show that Py is
symmetric, which is equivalent to (u, Piu);» € R for all u € D(Fy).

We claim that for every u € D(P{), Vu € L*(R™). Tt suffices to show this claim when
u is real (by splitting up real and imaginary parts). Consider

Proof. Let Py = Pcge, so D(Fy) = {u € L?: Pue L?} C H?

/ Y2uPjudr = / Y2uPudz,
where ¢y (z) = ¢(tz) for t >0, 0 < ¢ € C§°, and ¥(z) = 1 in |z| < 1. Write
/¢§(g;)upud:c = /z/;fu(—A + q)udz
= [tu-sw+ [ vt

Integrating by parts in the first integral (we can integrate u by parts by regularizing it,
but we omit that argument),

- /V(wfu)-w+/w?qu2

We get

/wf(x)uPudx = /wfVu\z +/2¢tth~Vu+ /qz/ztUQ
— ~——

Sllull g2 l[Pull 2 —C [$fu2>—C|lul|?

Let I(T) = [ ¢|Vu|*>. We get that

I(T) < O(1)+2/!Wu.uv¢t1

<CI)'2|lull 2
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<O0(1) + CI(t)'2.
This implies that I() < O(1) because CI(t)Y/? < C2?L+eI(T) for all £ > 0 by the AM-GM

inequality. The claim follows by Fatou’s lemma.
Let u € D(Fy) be complex-valued. Then

/wfum:/wﬂvu|2+ 2/wtuwt-w +/qw§\u|2
R
€

<2Vl Loo flull 2 IV ull ,2—0 €RrR

so the imaginary part of this goes to 0 as ¢t — oco. Also, fz/JtQuPiu — fuP7u as t — 00, so
JuPu = (u, Pju);» € R. O

Example 14.1. The quantum harmonic oscillator is the case of ¢(z) = |z|?, so P =
—A + |z|* is essentially self-adjoint on C§°. One can show that the domain is D(Py) =
{ue L?:2%0% € L?,|a + B] < 2}.

Remark 14.1. If S is essentially self-adjoint, then S = (S)* = S*. So the closure is the
adjoint. In particular, there is only 1 realization.

14.2 Perturbations of self-adjoint operators

Let A: D(A) — H. Then A is closed if and only if D(A) is a Banach space with respect
to the graph norm: |lu||p(ay := [Ju| + [|Au].

Definition 14.1. Let A, B be linear operators on H. We say that B is A-bounded (or
relatively bounded with respect to A) if D(B) O D(A) and if there are constants
a,b > 0 such that

[Bul| < al|Aul| +bllul|,  Vue D(A).

The infimum of all such constants a is the relative bound of B with respect to A.

Proposition 14.1. Let A be closed, and let B be A-bounded with a relative bound < 1.
Then A+ B is closed on D(A).

Proof. We have:
|Bull < al|Aul| +bllul],  Vu € D(A)

with @ < 1. Check that the norms u +— |Ju|| + ||Au|| and u — ||ul| + ||[(A + B)ul| are
equivalent on D(A). So A+ B is closed. O

Theorem 14.2 (Kato-Rellich®). Let A be self-adjoint, and let B be symmetric and A-
bounded with relative bound < 1. Then A+ B is self-adjoint on D(A).

SKato and Rellich both proved this result around the same time, independently of each other.
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Proof. A+ B is closed, symmetric, and densely defined on D(A). So we only need to show
that the deficiency indices are 0: that is, we want Im(A + B £ i) = H. In fact, we will
show that there exists some A € R\ {0} such that Im(A+ B +i)\) = H. O

We will prove this next time.
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15 The Kato-Rellich Theorem

15.1 The Kato-Rellich theorem

Last time, we were in the middle of proving the Kato-Rellich theorem.

Theorem 15.1 (Kato-Rellich). Let A be self-adjoint, and let B be symmetric and A-
bounded with relative bound < 1. Then A+ B is self-adjoint on D(A).

Proof. A+ B is closed, symmetric, and densely defined on D(A). So we only need to show
that the deficiency indices are 0: that is, we want Im(A + B £ i) = H. In fact, we will
show that there exists some A € R\ {0} such that Im(A + B +i)\) = H.

As A is self-adjoint, this is true when B = 0. We have

I(A+iNull® = [ Aul® + N2|lu]®  Vue D(A).
So we know that A + i\ : D(A) — H is bijective, and
o] = [|A(A 4 i\) " 1o]|2 + N2 (A + i) o2 Vv € H.
So (A+i\) "1 A(A+iN)~! € L(H, H) with

S\ 1 -
I(A+a0) 7l < Bk lAA +a0) 7 < 1.

Next by the A-boundedness of B, there exists some 0 < a < 1 such that for any u € H,
|B(A 4+ i\ u|| < al|A(A +iX) " || + bl (A + X)L

< allull + 2 ul
< allu —||u
B

Pick A large enough to get

Thus, the operator 1+ B(A +i\)~! is invertible in £(H, H). We get that
A+B+ix=(1+BA+i\) " H(A+i\) :DA) - H
is bijective. So A + B is self-adjoint on D(A). O

Here is an application:
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Example 15.1 (Schrédinger operator with a Coulomb potential). Let H = L*(R3), and
let Py = —A (self-adjoint with D(Py) = H?(R?)). Our potential is V (z) = ‘77' with v € R.
We claim that P = Py + V is self-adjoint on L? with domain D(P) = H?. We may

assume that |y| is small, for we can change scales: Introduce Uy : L? — L? which acts as
(Uxf)(x) = A2 f(x/)\). Then

1 Vv

So we don’t need to worry so much about the relative bound in the Kato-Rellich theorem.
We shall show that

v = (O 40 < o 2 VueD(R
Vul|” = MR (I Powll + [lul) u € D(R).

)1 x <1
Vo jof > 2

Then, letting F(r) = —1/(4x|z|) be the Newtonian potential in R? (so AE = &),

Let x € C§°(R?) be

xu=7dxxu=AExyxu=_FE * A(xu) .

2
ELloc €L2

compact

So xu € L™ is continuous, and

1/2
o) = | [ Bwacale - nas| < ([ 1B ) 1Al
Thus, |[xu(z)]* < C||A(xu)|32, so dividing by |z|* and integrating on both sides, we get

2
ulx
W < O AW 12

< C([Aull® + [lull® + [ Vul?)
< C'([|Aul® + ul®).

15.2 Quadratic forms

Let H be a complex, separable Hilbert space, let D C H be a linear subspace, and let
q: D x D — C be a sesquilinear form. Let ¢(u) := ¢(u,u) be the corresponding quadratic
form with domain D(q) = D.
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Remark 15.1. The polarization identity

allows us to determine ¢(u,v) from g(u).

Definition 15.1. We say that ¢ is symmetric if ¢(u,v) = q(v,u) for all (u,v) € D (so
q(u) € R for all u). A symmetric form ¢ is bounded below if g¢(u) > —C|ul/? for all
u € D(q).

Example 15.2. Let H = L?(R/27Z), and let V € L'(T;R). Consider q(u) = fR/%Z(]u’|2+
V|u|?) dz with domain D(q) = H'(T) C L>°(T). Formally, we can write

q(u):<Puvu>L27 Pz—@i—l—V

We’ll apply quadratic form techniques to discuss self-adjoint extensions.
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16 Closure of Quadratic Forms

16.1 Quadratic forms bounded below

Last time, we introduced the notion of quadratic forms: Let ¢ : D — R be a symmetric
quadratic form. We say that ¢ is bounded below if there is a ¢ such that g(u) > —cl|ul|
for u € D.

Example 16.1. Let H = L?(T), T = R/27Z, and V € L'(T;R). Let
ow) = [(WP+VIuP)dz, D= Dla) = H'(T) € L¥(D)

Formally, q(u) = (Pu,u);» with P = —82 + V().
We claim that ¢ is bounded below: For every ¢ > 0, there is some V# € L>(T) such
that ||V — V¥#|| ;1 < e. Then, keeping in mind that [[ul|?, = [[v/|22 + [ul/?2,

atw) = [P+ VAP + [V = VHluP
—_—

>=Cellull?, >=0(e)lull?,4
> (1= 0@ ullfn — Cellull?
for all € > 0. We get that there exist ¢ > 0,C > 0 such that
q(u) > cllul|7n — Cllulf2,  Vu € D(q).

Remark 16.1. We can always add a constant multiple of |[u]| to ¢, so from now on, we
will assume that ¢ is nonnegative. This allows us to use the Cauchy-Schwarz inequality:

la(u,v)| < q(u)?q(v)"*  Vu,v € D(q).

16.2 Closed quadratic forms

Definition 16.1. Let u, € D(q) and v € H. We say that u, is g-convergent to u
(written w, - u) if up, — w in H and q(up — ) ———— 0. We say that g is closed if

whenever u, % u, u € D(q) and q(u, — u) — 0.

Remark 16.2. Let H, = D(q), equipped with the scalar product (u,v)
Then q is closed if and only if H, is a Hilbert space.

¢ = q(u,v)+(u,v).

Let’s return to our example.

Example 16.2. Let g(u) = [(||v/|* + V|u|?) on D(q) = HY(T) with V € L!(T). Then
q(u) > cllul|3,, — C|lul|3;:, so the quadratic form u — g(u) + C||ul|3;, is closed. Indeed,

lullf = a(u) + (e + 1)llullF,

and this inequality tells us that ||ul|; ~ ||u|| g1 for v € D(q).
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16.3 Closable quadratic forms

Definition 16.2. We say that ¢ is closable if it has a closed extension ¢ : D(q) — R:
D(q) € D(q) and g|p(g) = ¢-

Proposition 16.1. A quadratic form q is closable if and only if whenever uy, 4, 0, then
q(uyn) — 0. If this condition holds, then q has a smallest closed extension G (the closure
of q) given by D(q) = {u € H : Ju, € D(q) s.t. up - u} and G(u) = lim, o0 q(uy).

Proof. (= ): Let ¢ be a closed extension. If u, 4,0, then u, 4 0, so q(un) = q(uyn) — 0.
( <= ): Assume that the condition holds, and let w,, 2y 1. We claim that limy,_ o q(un)
exists.

|Q(Un) - Q(Um)| = ’CJ(Um un) - Q(umaum)|
= |q(un — U, Um) + q(Umy G — Unm,)
C-8
< 2wy — )" (un) + ¢ (up — ) g ().

So we get
|q1/2(un) - ql/Q(um)| < ql/Q(“n — Um) 20

The claim follows, and if v, 4, u, then u, — v, 20
q1/2(un — Uy — Uy + V) < q1/2(un — Up) + ql/Q(vn — V) — 0.
By the assumed condition, g(u, —v,) — 0. And by the same argument as before,
‘ql/Q(un) - ql/Q(UnN < ql/Q(un —vp) — 0.

We get a well-defined quadratic form § which extends gq.

We claim that g is closed; that is, we check that Hy = D(q) is complete with respect
to (u,v); = q(u,v) + (u,v). Hg is dense in Hg, as if u, € Hy with u, 4 w € Hyg, then
q(up —u) — 0:

n—oo

— 0.

q(un —u) = W}l_r)noo q(up — um)

Every Cauchy sequence in H, has a limit in Hg, so we have a dense subset where every
Cauchy sequence has a limit. So Hg is complete.
Finally, one checks that if ¢ is a closed extension of ¢, then g C q. O

Theorem 16.1. Let q be a nonnegative, symmetric, quadratic form. Assume that D(q) is
dense and that q is closed. Then there exists a unique self-adjoint operator </ such that
D(<7) C D(q) and q(u,v) = (Fu,v) for all w € D(/),v € D(q). Also, D(</) is a core
for q in the sense that D(</) is dense in H,.
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17 Quadratic Forms and the Friedrichs Extension Theorem

17.1 Obtaining self-adjoint operators from quadratic forms

Last time, we said that a nonnegative, symmetric quadratic form is closed if when u,, N
for u,, € D(q), then v € D(q) and q(u, —u) — 0. We checked that ¢ is closable if and only

if when w, = 0, q(un) — 0.

Theorem 17.1. Let q be a nonnegative, symmetric, quadratic form. Assume that D(q) is
dense and that q is closed. Then there exists a unique self-adjoint operator </ such that
D(<7) € D(q) and q(u,v) = (Fu,v) for alluw € D(),v € D(q). Also, D(</) is a core
for q in the sense that D(</) is dense in Hy.

Example 17.1. Let q(u) = [[u/|? + V|u[*dz, where V € LY(T;R) and D(q) = H'(T).
Then there exists a unique self-adjoint operator P = —32 + V such that D(P) C H'! and
q(u,v) = (Pu,v).

Proof. Let (z,y), := q(z,y) + (z,y) for z,y € D(q). Then Hy is a Hilbert space with
respect to this scalar product. Then ||z|, > ||z|| for all z € H,, so for any u € H, the
linear form H, — C sending v — (v, u) is continuous. By the Riesz representation theorem,
there is a unique v* € H, such that (v,u) = (v,u*)Hq. We get a linear map K : H — H,
sending u — u* such that (v,u) = (v, Ju), for all v € Hy and u € H.

We claim that J is a bounded, self-adjoint operator on H. If y,x € H,

(Jy,z) = (Jy, Ja), = (Ju, Jy), = (Jw,y) = (y, Jx) .

So J is symmetric. By the closed graph theorem, J € L(H, H). Moreover, J is injective:
If Jo =0, then (y,z) = (y, Jx), =0 for all y € H,. But Hg is dense in H, so z = 0.
Write

H =kerJ ®RanJ* = Ran J.

So Ran J is dense and contained in H,. Define & : D(«/) = RanJ by #/x = J 'z —x. We
have J~! is self-adjoint: J~! is symmetric, and if (z,y) are such that <J‘1z,x> = (z,v),
where z = Jw, then (w,z) = (Jw,y) = (w, Jy). So x € D(&), and y = J lz. (D(&) is
dense in Hy.)

Finally, & corresponds to the quadratic form g:

(z, y>q = <.1’, J_1y> )

q(z,y) = (z,y), — (x,y) = (z,4y),  ye D) zeD(qg). 0
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17.2 The Friedrichs extension theorem

In the previous theorem, we don’t have much control over the domain of the self-adjoint
operator 7. Here is a frequently encountered use of the theorem.

Theorem 17.2 (Friedrichs extension). Let S be a symmetric, densely defined operator
D(S) — H such that S is bounded below: (Su,u) > —C||u||? for every u € D(S). Let
the quadratic form q be given by D(q) = D(S), q(u) = (Su,u). Then q is closable. The
self-adjoint operator associated to q, the Friedrichs extension of S, is also bounded below.

Remark 17.1. The Friedrichs extension theorem can give a different result compared to
if we just closed the operator S.

Remark 17.2. Let ¢ > 0 be closed. Then ¢(u,v) = (u, &v) for v € D(&/) and u € D(q),
where D(o/) = {v € H, : 3f € H s.t. g(u,v) = (u, f) Yu € D(q)}. So in the theorem,
D(«7) 2 D(S).

Proof. We can assume that S > 0. We only need to show that ¢ is closable. Let u,, € D(S5)
n,M—00

be such that u,, — 0 in H and q(u,, — u,;) ——— 0. We want to show that ¢(u,) — 0.
We have

q(un) <1q(un — tm, un)| + 1q(Um, un)|
C-S

é ql/Q(un - um)ql/Q(Un) + ‘<Um7 Sun>|
For all € > 0, there exists an N such that q(u, — u;,) < e when n,m > N. So

q(un) < €"2q"2(up) + [(wm, Sun)|  Vn,m = N.

Leting m — oo, we get
q(un) <e Vn > N.

So ¢ is closable. 0

Example 17.2 (The Dirichlet realization of —A). Let 2 C R™ be open and bounded, and
let S =—A with D(S) = C§°(2) (S > 0). The Friedrichs extension is associated with the
closure of the quadratic form

alu) = (Su.u) = [

(—Au)u = / \Vul|? dz.
Q Q

Next time, we will see that in this case, D(g) is the closure of C§° in the topology of H!(€2).
This is usually called Hg(Q) (but is not all of H'()).
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18 Introduction to Spectral Theory of Unbounded Opera-
tors

18.1 The Dirichlet realization of a 2nd order elliptic operator

Let ¢ : D(q) — R be a nonnegative, symmetric, densely defined, closed quadratic form.
last time, we saw that there is a unique self-adjoint operator o/ with D(<7) C D(q),
q(u,v) = (u, ) for u € D(q) and v € D(o/). We have

D(a/)={veD(q):3f € Hs.t. qlu,v) = (u, f) Yu € D(q)}.

Example 18.1 (Dirichlet realization of a 2nd order elliptic operator). Let 2 C R"™ be open
and bounded, and let Q 5 x + (a;(z)) € Mat,xn(R) with a; = ap; with a;, € L>(Q).
Assume the ellipticity condition:

n

Jde > 0 such that Z a; 1 (2)&&k > cl¢]? Ve Q,§ € R™.
k=1

0= [ 3wl e
]k: 1 L5 OTk
where D(q) = H}(S2), the closure of C§°(€) in the Sobolev space H'(Q) = {u € L*(Q) :
Op;u € L*}. Then ¢ is closed: q(u) + [|ul|7 is equivalent to [[Vul/F2 + [[ull7, on Hj(Q).
Associated to ¢ is a self-adjoint operator <7 with
D(Z) ={u e H} :3f € L*s.t. q(u,v) = (f,v) Vv € H}(Q)}
= {uec H}:3f € L?s.t. q(u,v) = (f,v) Yo € HY(Q)}

Let

Rewrite this condition: fzaﬁka%-% =[foVw = 3 8$j(aj,k(x)(%‘k) € L*(Q).

{uem)§:@J@M§u>eLﬁ.
Tk
& is given by
== 0O ( ik ) u e D().

The operator </ is the Dirichlet realization of —3 ", _, 0., (a;, k(fxi)
We have

ou Ou
(et ) = l/}j]k > ¢f| Vul3a > ¢llul?,

where the last inequality is Poincaré’s inequality. So we get </ : D(&/) — L?(Q) is
bijective: 7 is injective, im A is closed (by Cauchy-Schwarz), and (im .«7)* = ker &/ = {0}.
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Remark 18.1. When (a; ) = 1, the corresponding operator is & = —Ap with (-Ap) =
{u € H} : Au € L?}. One can show that if 9Q € C2, then D(—Ap) = (HE N H?)(Q).

Let’s look at spectral properties of 7.

o/~1 is bounded: L?(2) — L2(), and it is also bounded L?(Q) — D(/) (equipped
with the graph norm). There is a natural embedding D(</) — HE(Q) — L%*(Q), where
the embedding H} () — L*(Q) is compact (Rellich compactness theorem). Thus, &7~ is
compact, and self-adjoint on L?(€2). If Ay > Ag > --- — 0 are the nonvanishing eigenvalues
of &/~! (each eigenvalue repeated according to its multiplicity), then let e, € L?(Q) be
the corresponding eigenfunctions: (& ~! — \,)e, = 0. The e, form an orthonormal basis
of L?(Q); moreover, e, € D(), and (&7 —1/\,)e, = 0.

Now for 2 € C, & — z: D(&/) — L*(Q) is invertible if and only if z # 1/, for all n:

o —z= (1—za™Y) o,

invertible iff injective

and the first term is injective iff z # 1/, for all n. We can conclude that the spectrum
of 7 is given by the eigenvalues p1 < po < --+ — oo with (& — uy)e, = 0 and e, s forming
an orthonormal basis for L%(Q).

18.2 Spectrum and resolvent

Definition 18.1. Let 7' : D(T) — H be closed and densely defined. We say that for
A€ C, X\ ¢ Spec(T) if and only if T — X\ : D(T) — H is bijective. The complement of
Spec(T) is the resolvent set of . When \ ¢ Spec(T), we let R(A) = (T — A\)~! be the
resolvent of T'.

Since T is closed, R(\) is closed. By the closed graph theorem, R(\) € L(H, H).

Proposition 18.1. The resolvent set p(T') C C is open, and p(T') > A — R(\) € L(H, H)
is holomorphic.

Next time we will prove this. We are working towards a development of the spectral
theorem for unbounded operators.
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19 Development Toward the Spectral Theorem for Unbounded
Self-Adjoint Operators
19.1 The resolvent

Let T : D(T) — H be closed and densely defined. We said A\ ¢ Spec(T) <— T — X :
D(T) — H is bijective and defined the resolvent as R(\) = (T — \)~! € L(H, H) for
A € p(T) = C\ Spec(T), the resolvent set.

Proposition 19.1. The resolvent set p(T) C C is open, and p(T') > A — R(\) € L(H, H)
is holomorphic.

Proof. If \g € p(T') write
T=A=(T=X)—=(A=2)=00—=(A=2)R(X))T — o).

It follows that 7" — X is invertible for |A — Ag| < m. We also have

R(X) = R(Xo) = R(Ao)(L— (A= X0)R(Xo)) "

=3 (A= X)"R(Xx)" .
n=0
This converges in L(H, H), so R(\) is holomorphic. O
Proposition 19.2. If T is self-adjoint, then Spec(T) C R.
Proof. If A € C\ R,
1T = Null* = (T = Re Nul|* + (Tm A)* Ju]*. O

We also have .

||R()‘)”L(H,H) < m

19.2 Nevanlinna-Herglotz functions for self-adjoint operators

Example 19.1. Let :D(«/) — H be self-adjoint, (@/u,u) > c|jul|? for u € D(&), and
=11 H — H be compact. Then Spec(4) is of the form A\; < Ay < -+ — oco. Let ¢; be
an orthonormal basis of H such that (& — A;)e; = 0. Then for u =3, xje; € H,

R =3 19 = 2000, du= Yl Pote -

- /\j—Z

This is a positive, pure point measure of total mass [ du = |lu||? (by Parseval).
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Let A: D(A) — H be self-adjoint, and consider the holomorphic function
f(z) = (R(z)u,u), Imz > 0.

Then |f(2)] < %=, where C = ||ul|?>. We have

= [Imz|’

2iIm f(2) = (R(2)u,u) — (R(2)"u, u)
Using R(z)* = R(Z),
= ((R(2) = R(z))u, u)

We can also check via algebraic manipulation that R(\) —R(u) = (A — p)R(A)R(p). Using
this,

=2iImz (R(2)*R(z)u, u) .

So we get
Im f = Im z||R(2)u|?.

In particular, Im f > 0 for Im z > 0.
Now we can use the following general result from complex analysis.%

Theorem 19.1 (Nevanlinna, Herglotz,...). Let f be a holomorphic function in Imz > 0
with Im f > 0 and |f(2)| < 5. Then there is a uniform bound

Imz

/Imf(x+iy)dx§C7r Yy >0,

and there exists a positive bounded measure 1 on R such that

1/go(x)1mf(x+iy)dxﬂ/godu Vo € Cp:= (CNL®)(R).

™

We have

f6) = [ @, mz>o,

[ dn(©) = 1yt 1(ig) =t (~21 ().

where z — oo with arg(z) bounded away from 0, 7.
Conversely, if p > 0 is a bounded measure on R and f is defined by f(z) = [ édu({),
then both the weak convergence and the limit condition hold.

5This is a standard result. It was even a qualifying exam problem in the past.
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Proof. Take the semicircle contour v (slightly above the real axis) made of Imz = ¢ > 0
and an arc of radius R. Cauchy’s integral formula gives

= [ 19
%n/f ( cjﬁ>dg

where z* is the regkection of z over the line Im z = ¢. That is, z* = Z + 2ic.

1 z—z*

=5 [ HOE g

Letting R — oo, we get

f(z) =

1 f(O)(z—2")
lA( .

2mi J, (€= 2) (¢ = =)

where L. is the whole line Im z = ¢ and (¢ — 2)(¢* — 2*) = |¢ — z|?. Take the imaginary

part of this to get
Imz — I
Im f = 22 c/ mf@gdg
™ L. ¢ — 2|
Multiply by Im 2z and let Im z — oo while keeping Re z fixed: the left hand side is < ¢. By
Fatou’s lemma,

1
/Imf(:c—{—z'c)d:c§c.
T JR

By Banach-Alaoglu, there is a sequence of ¢, — 07 and a positive, bounded measure
1 on R such that

weak*

—Imf(x+zcn)d:v — u.
T

We get that
1
Imf(z)zlmz/wdu(ﬁ), Imz > 0.
-z

(10 o) o
Z/éizdu(f)

proving the first claim. O

This implies that

SO

We will finish the proof of the theorem next time.
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20 Development of Spectral Measures
20.1 Nevanlinna-Herglotz functions
Last time, we were proving the following theorem from complex analysis.

Theorem 20.1 (Nevanlinna Herglotz,...). Let f be a holomorphic function in Imz > 0
with Im f > 0 and |f(2)]| <

- Then there is a uniform bound

/Imf(a:+iy)da:§07r Yy > 0,

and there exists a positive bounded measure p on R such that

i/gp(w)lmf(x—l—z’y)dxﬂ/gpdy Vo € Cp:= (CNL®)(R).

We have

1
:/g_zdu(f), Imz >0,

/dﬂ(f) = lim yIm f(iy) = hm( 2f(2)),

y—+o0

where z — oo with arg(z) bounded away from 0, 7.
Conversely, if p > 0 is a bounded measure on R and f is defined by f(z) = [ &%dﬂ(g),
then both the weak convergence and the limit condition hold.

Last time, we showed that f(z) = [ = sz (&), which implies that

/ dp(€) = lim yIm f(iy) = lim (~=f(2)).

Proof. We claim that %Im f(z +1y) doe — du weak* as y — 07. If p € Cp(R),

lImf(zr:—Hy // Zy,Q dp(§) dz

:/ (2f Md> awie)

(&+ty)
T14t2

y — 07. The convergence is dommated by |||z € L'(du), so by another application of
dominated convergence, we get

The part inside the parentheses is 1 [ £ dt — (&) by cominated convergence as

EadliN / (€ dp©). 0
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20.2 Construction of spectral measures via Nevanlinna-Herglotz func-
tions

Apply the theorem to f(z) = (R(2)u,u), where u € H and R(z) = (A—z)~! is the resolvent
of a self-adjoint operator A. We can write

1
E—z

(R(=)u, u) = / dj1a(©),

where the total measure is
[ o= tim_ylin (RGig)u,w) <
Y=+0  ————
|| R(iy)ul|?

We have, for ¢ € Cp,

/gp(m) dpy(z) = lim 1/Im (R(x + iy)u, u) p(z) dz

y—0t+ T

~ lim %ap(az)[(R(x +iy)u,u) — (R(z — iy)u, u)] dz

So the measure is given by the jump of the resolvent over the real line.
Remark 20.1. We have that supp(u,) C Spec(A) for all .
Define the complex measures i, , for u,v € H by polarization:
Ay, = i(duu—&-v + idpyyiv — Ay — dfly—iy).

Then we have

(BEu0) = [ duanl®)

/gpd,uuﬂ, = lim =S / o(x) (R(x + 1y) — R(x — iy))u, v) dx.

y—0+ 278

The total mass of fiy,, is
d < 1 2 12 a2 o
pup < (1w + ol +flu+ )"+ flu = o]|" + [lu — ]
By homogeneity, we may assume ||ul| = ||v]| = 1.
1 2 2
= 7 Cull® +[lv]7)2) = 2.

So by homogeneity, ||l < 2[|ul - o]
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For fixed ¢ € Cp, we have

‘/@dﬂu,v

so the map (u,v) — [ dpuy, is a bounded, sesquilinear form on H x H. By the Riesz
representation theorem, there is a unique operator ¢(A) € L(H, H) such that (p(A)u,v) =
J ¢ dp,p. We also get that [|o(A)| < 2[|¢||r=. In other words,

< 2flpllzee[ull[]l;

S(A) = lim - / PN)(ROA +i2) — R(A — i) dA

e—0+ 2mi
(where the limit exists in the weak operator topology).

Remark 20.2. Let A : C"" — C"™ be a Hermitian matrix. Then the above relation holds:
it suffices to check this formula when n = 1, where A is multiplication by ¢ for t € R. In
this case, this is

. 1 1 1
so(t)_gl_lglwm/sow (t—)\—ie_t—)\+i5> ax.

This is equivalent to

1 1 1
e—02m \t—1e t+1e

which is called Plemelj’s formula. The proof is (if we take ¢ = 0):

»(0) = lim 1/<p(t) 2ie = lim 1/ ep(t)

e—0+ 271 12 4 g2 e—=0 T g2 27

One sometimes writes

S(A—=)\) = %(R(A +i0) — R(\ — i0)),

™

o) = [ p05(a - N ax
Definition 20.1. The measures p, , are called the spectral measures of A.

We have defined a map of algebras Cp — L(H, H) sending ¢ — ¢(A). This map has
nice algebraic properties that we will study. This will lead us to the development of the
spectral theorem.
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21 Properties of Spectral Measures

21.1 Total mass of spectral measures

Let o € (CNL*®)(R) and let A: D(A) — H be self-adjoint. Last time, we had

1
(o(A)u,v) = lim —— / o(\) (RO + i) — RO\ — i2))u, ) dA.
e—0+ 271

This is similar to the finite dimensional case, where

pA) = Y e,
AESpec(A)
where ITj is the orthogonal projection on to ker(A — \).

Remark 21.1. Observe that p(A)* = p(A):

(p(A) u,v) = (u, p(A)v)
= (¢(A)v, u)
— L i [ SOVNRO T ie) = RO =i2))u, 0) dA

27 e—0+

Using R(\ £ i) — R(\ Fie),

= (@(A)u, v) .
We also introduced the spectral measures dyu,, with (@(A)u,v) = [ @(X) dppy,o(N)-

Proposition 21.1. The total mass of the spectral measure df, . is
/ dptyn = (u,v) .

Proof. By continuity and density, we may assume u, v are in a dense subset of H; assume
u,v € D(A). By polarization, we may take v = v. If u € D(A), then

(A—2)u=Au— zu

Equivalently, 1(A) =1 € L(H, H).

If Im z > 0, then we get
u= R(z)Au — zR(2)u,

so we get

1 1
R = —— —R(z)Au.
(2)u Zu + ; (z)Au

If z — oo with Rez fixed, we get R(z)u = —2u + O(1/|z[%). Recall from Nevannlinna’s
theorem that

/ dpy, = lim (=2 (R(2)u, u)) = |Jul*. O

Z—00
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21.2 Decay of spectral measures

Proposition 21.2. Let ¢ € Cp For allu € D(A) andv € H,
(p(A)Au,v) = (p1(A)u,v),

where ¢1(A) = Ap(N) € Cp.

Proof. The left hand side is

LHS = lim —— / o(\) (RON + i) — RO\ — i), v)

e—0 271
Note that (R(A + i) — R(A —ie))u = u + (A + i) R(A + ie)u — (A — ie) R(\ — ig)u.
= (pr(A)u,v) + lim QL; / o) (RO + i) + R(A — i2))u, 0) dA

To show that the right term equals 0, we have

O(e)

/SO(A) (RO + icu, v) dA' < O(a)/|<p()\)HR()\iis)qu)\

By Cauchy-Schwarz,
< 0(e) </ 1RO+ isu)||2d)\>

Recall that Im (R(\ + i)u, u) = || R(\ + ie)ul|%.

< 0(:112) ( / T (R(A + i€)u, u) dA) v
=5 0.
We get that (p(A)Au, v) = (o1 (A)u, v).
In particular, if ¢ € Co(R), we have
(p(A)Au, Au) = (p1(A)u, Au) = (u, 71 (A)Au) = (u, Y(A)u),
where $(A) = A2p(}). We get
(p(A)Au, Au) = (p(A)u, u) .

On the level of spectral measures, we get
[ e dnan = [ 203 i
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If 0 < ¢ < 1, then the left hand side is < ||Aul|%. Letting ¢ 1 1, we get by Fatou’s lemma:

/)\2 dpy () < oo.
By monotone convergence, we get

/V (V) = [Aul? < 00 Vu e D(A).

21.3 Multiplicativity of the functional calculus
Proposition 21.3. Let ¢,1¢ € Cy(R). Then o(A)Y(A) = (ey)(A).

Proof. Let p(\) = Mp(X) for k=1,2,.... For u € H and v € D(A), we have:

(p(A)u, Av) = (u,P(A)Av)
= (u, P1(A)v)
= (p1(A)u,v) .

Thus, p(A)u € D(A*) = D(A) and ¢1(A)u = Ap(A)u. In particular, imp(A) C D(A)
for all ¢ € Cp. So imp1(A) C D(A), so imp(A) C D(A?). Iterating this argument, we
get that im p(A4) C D(A7) for j = 1,2,... and ¢;(A) = AJp(A) for any j. When p is a
polynomial, we get p(A)p(A) = (pp)(A).

The idea is to let x € Cp(R) with 0 < x < 1 be such that xy = 1 on supp(p) U supp(2)).
Pick a sequence of polynomials p; such that p,x — ¢ uniformly. Then (p;x)(4) — ¥ (A)
in L(H, H). We will give the details next time. O
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22 Multiplicativity and the Functional Calculus for the Lapla-
cian
22.1 Multiplicativity of the functional calculus

Last time, we were proving the multiplicativity of our functional calculus:

Proposition 22.1. Let A be self-adjoint, and let p,7p € Co(R). Then p(A)p(A) =
() (A).

Proof. Last time, we showed that Im p(A) C D(A7) for all j and that for any polynomial

P, p(A)p(A) = (pp)(A).
Let x € Co(R) with 0 < x <1 and x = 1 on supp(y) Usupp(?). For u,v € H, write

(p(A)u, (px)(A)v) = (p(A)u, p(A)x(A)v)
Since p € D(A7) for all j,

= (p(A)p(A)u, x(A)v)
= ((pp)(A)ux(A)v) .

Take a sequence p; of polynomials such that xp; — x¢ = ¢ uniformly on R. Recall that

L(H,H .
we had for all f € Cp, [|F(A)]| e < 2/ fllzee. Thus, (xp;)(A) 22 4(4) = p(A)".

Also, P = pjx¥ — Y uniformly, so p,(A) LU, (Yp)(A). We get

(W(A)p(A)u, v) = (p(A)u, P(A) ) = (@) (A)u, x(A)v) .

Now let x T 1 pointwise; we claim that x(A) — 1 weakly. So we get (Y(A)p(A)u,v) =
((Yp)(A)u,v) for all u,v.

To prove that x(A) — 1 weakly, note that if p; € Cp, ¢ € Cp, and ¢; — ¢ pointwise
boundedly (3C such that |¢;(z)| < C for all j,z), then

(i) = [ 050 s 2= [ o3 s V) = ()0 0)
by polarization and dominated convergence. O

22.2 Spectrum and functional calculus for the Laplacian

Let A = —A on L?(R") be self-adjoint with D(A) = H?(R"). Given ¢ € Co(R), we
compute p(A).

Proposition 22.2. Spec(A4) = [0, 00).
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Proof. First, Spec(A) C [0,00), as A > 0: for u € D(A),
(Au,u)y = / |Vul? > 0.

To get equality, it suffices to show that (0,00) C Spec(A) (as the spectrum is closed). For
contradiction, let A > 0 be such that A — X\ : D(A) — L? is bijective. Then there exists a
constant C' > 0 such that ||u|z2 < C|[(A — Aul|z2 for any u € D(A).

Remark 22.1. A has no eigenvalues:” If u € L? and (—=A — A\)u = 0, then taking the
Fourier transform, we get

(I€* = Mya(e) = o,

sou=0 = u=0.

Instead, we want to find generalized eigenfunctions u € L such that (—A —X)u =
0. We can take u(z) = €€ for £ € R" (where [£]> = ). Consider the quasimodes®
wj(z) = j72x(x/7)e™E, where x € C3°(R") is 1 near 0 with ||x||z2 = 1. Then |u;||2 = 1,
and

1A= NG x(@/5)e )|z = O(L/4)-

So the lower bound inequality for A — A cannot hold.

To determine ¢(A) for ¢ € Cy(R), notice that p(A) = 0 if supp(p) C (—o0,0). Com-
pute the resolvent first: If Im z # 0,

Ru=v, u,vel?® < (—A-2v=u

R(z)u=F! <|€1|72(§_)Z> :

By Fourier transform, we get

We get

(o(A)u,u) = Tim —— / o(\) ((RO\ + i) — RO\ — i))u, u) dA

e—0+ 271
By Parseval,

R T O (e N———
= 1 e . [ o000 (g ~ )

Integrate first in A and send € — 0 using dominated convergence.

1

= e [ PR EE P e

So we get
p(A)u = F Hp(El)a). 0

"This says that the spectral measures have no pure point components.
8This terminology is common in mathematical physics literature.
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22.3 Correcting the norm bound in the functional calculus

Proposition 22.3. Let A be self-adjoint, and let ¢ € Cy(R).

lo(A) | e,y < [l
Previously, we had a factor of 2 in the bound.
Proof. We have
le(A)ull® = {p(A)u, p(A)u)

= (@(A)p(A)u, u)
= (lpl*(A)u, u)

— [ 1P dina
< [lpllFee [l
We also get the following result.

Corollary 22.1.
(A ey < @l (spec(ay)-

Next, we will extend this multiplicativity property to more continuous functions.
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23 Functional Calculus for Bounded Continuous Functions
and Bounded Baire Functions

23.1 Approximation in the functional calculus

Let ¢, € Cp(R), and let A be self-adjoint. Lsat time, we showed that ¢(A)p(A) =

(p)(A) and that [[p(A)||coa,m) < 1ol (spec(a))-

These properties extend to ¢, € Cg(R) by approximation (pick ¢ € Cy with ¢; — ¢
pointwise and boundedly to get ¢;(A) — ¢(A) weakly). Notice also that if ¢, ¢ € Cp
with ¢; — ¢ pointwise boundedly, then ¢;(A) — ¢(A) strongly: for all u € H,

los (A — p(AYull? = ((p; — 0) (A, (95 — ©)(A)u)
/ 105 (N — (VI dan(N)

by dominated convergence. (And if we have uniform approximation, we get operator norm
convergence. )

23.2 Domain of A in terms of spectral measures

Recall that if u € D(A), then [A2du(\) < oo and [ A?du(\) = HAuH2 Assume, con-
versely, that [ A? dju,(A\) < oo for u € H. Let ¢ € Cy with 0 < ¢ < 1, and write

Ap(A)u = p1(A)u,
where ¢1(N\) = Ap(N). We get
[ A(A)ul)? = (01(A)u, p1(A)u)
/ N2 p(0)? dp(V).
Let ¢j € Cp with 0 < ¢; <1 and ¢; T 1. Then p;(A)u — v in H. Also,

) J,k—00

1A(p;(A) = pr(A)ull* = /AZ(SD?(A) — 9k (V) dpu(A 0

by dominated convergence, so Ap;j(A)u — v in H. A is closed (as it is self-adjoint), so
u € D(A), and Au = limj_,o Ap;(A)u.

/ @ dftup

—_——

(p(A)u,v)

Remark 23.1.

|dptu0]| = sup < lull - flvfl-

lel<1
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23.3 Summary of properties of the functional calculus

Let’s summarize our results:

Proposition 23.1 (continuous bounded functional calculus). Let A be self-adjoint. The
map ® : Cp(R) — L(H, H) sending ¢ — p(A) has the following properties:

1. ® is an algebra homomorphism.

p(A)" =p(A4).

le(A)l < llpll o (spec(ay)

For all w € H, the map du, : ¢ — (p(A)u,u) is a positive measure.
1(A)=1€L(H,H).?

If pj = ¢ pointwise boundedly, then pj(A) — p(A) strongly.

S e R

We have D(A) = {u € H : [ A2 du(\) < oo}, where Au = limj_yo0 Apj(A)u if ¢; 11
and pj € Co.
23.4 Extension of the functional calculus to bounded Baire functions

Next, we extend the functional calculus to the algebra of bounded Baire functions.

Definition 23.1. Let K be a class of functions f : R — C. We say that K is closed
under pointwise limits if for any sequence f; € K such that f = lim; f; exists, we have
f € K. We let the Baire functions Ba(R) be the smallest class of functions R — C
containing C'(R) which is closed under pointwise limits.

Remark 23.2. Ba(R) is an algebra under pointwise multiplication: Let f € C(R), and
let K ={g: fg €Ba(R)}. KD C(R) and is closed under pointwise limits, so K D Ba(R).
Similarly, we extend to f € Ba(R).

Remark 23.3. If u is a positive (Radon) measure and f € Ba(R), then f is u-measurable.

Let Bay(R) be the Banach algebra of bounded Baire functions (Ba,(R) C L' ()
for all uw € H).

Proposition 23.2. Let ¢ € Bay(R). There exists a unique, bounded linear map p(A) €
L(H,H) such that

(o(A)u,v) = / o) dtan ().

9This actually follows from the fact that ® is an algebra homomorphism.
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Proof. We have to check that (u,v) — [ ©(\) dpy,o is sesquilinear; the Riesz-representation
theorem will provide p(A). We may assume that ¢ is real, so |p| < M. Let us check that

/ o) diirsn g = A1 / o) dpt, o(A) + Ao / o(N) dtug (V).

Let K = {¢ € Bap(R;R) : |p| < M, this condition holds}. Then K contains continuous
functions, and K is closed under pointwise limits (by dominated convergence). We need
one more claim:

Claim: The class {¢Bay(R;R) : |p] < M} is the smallest class of functions R —
[—M, M] containing continuous functions R — [—M, M| which is closed under pointwise
limits. Check that this holds. We get that K = {¢ € Bay(R;R) : |p| < M}, and the

proposition follows. O
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24 The Spectral Theorem for Unbounded, Self-Adjoint Op-
erators

24.1 Multiplicative properties of the functional calculus for bounded
Baire functions

Last time, we set about extending our functional calculus to the class of bounded Baire
functions Ba(R), the smallest class of functions R — C containing C'(R) which is closed
under pointwise limits. We showed that for any ¢ € Bay(R), there is a unique map
©(A) € L(H, H) such that (p(A)u,v) = [ ©(X) dpu,e(N)-

As in the case for continuous functions, we get

(A < llell oo (specay)-

If ¢ € Bay(R) is real, then (p(A)u,u) € R, so ¢(A) is self-adjoint. In general, p(A)* =

p(A).
Next, we have the multiplicative property:

Proposition 24.1. Let A be self-adjoint, and let v, € Bay(R). Then

(1) (A) = o(A)(A).

Proof. We may assume that ¢, are real. Fix ¢ € Cp and consider Ky = {¢ € Ba(R;R) :
|| < M,mult. prop. holds}. Then Kj; contains the continuous functions, and Kjs is
closed under pointwise convergence: if ¢; € Ky with ¢; — 1 pointwise, then v;(A) —
P(A) € Ky weakly, so (¢;)(A) — (pv) weakly. It follows that Ky = {¢p € Ba(R;R) :
|| < M}. Next, keeping ¢ € Bay(R; R) fixed, we extend the multiplicative property to all
© € Bay,. L]

It follows as in the continuous case that if ¢; € Bay(R) with ¢; — ¢ pointwise bound-
edly, then ¢;(A) — p(A) strongly (for all u € H, |l¢;(A)u — ¢(A)ul — 0).

Remark 24.1. Assume that ¢ € Bay is such that ¥(A) = Ap(A) € Bay,. Let

Imz#0,  @:(\) =r(N)e(A) = ¥(A) — z¢()) € Bay.

We can write

SO
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Now r(A) = R(z) (Ar()) € Cp, so Ar(A) = 12 (A) = 1+ zr(A)). We get that Im ¢(A) C
D(A) and

1+2zR(z)
So we get that the multiplicative property holds when one of the functions is A (which is
unbounded), as long as the result is still bounded.
24.2 The spectral theorem for unbounded, self-adjoint operators

Theorem 24.1 (spectral theorem). Given a self-adjoint operator A, there is a unique
algebra homomorphism ® : Bay(R) — L(H, H) sending ¢ — ©(A) such that:

1. p(A) = p(A)

2. (A < [l oo (spec(a))

3. If pj € Bay with ¢; — ¢ pointwise boundedly, then p;(A) — p(A) strongly.
4. If 0, 01(A) (= Ap(A)) € Bay, then ¢1(A) = Ap(A).

5. w € D(A) if and only if there is a uniform upper bound for ||p1(A)u|| when @1(X\) =
Ap(A), 0 < p <1, and ¢ € Bay, with compact support. In this case,

Au = lim ¢y ;(A)u,
j—00

where @; T 1.

Proof. Only uniqueness remains to be checked. Let r,(\) = ﬁ, where Im z # 0. Then
Arz(A) = 1+ 2r,(X), so by property 4, A®(r,) = 1+ z®(r.). So we conclude that &(r,) =
R(z), the resolvent of A. Given u € H, let y be the measure on R sending ¢ — (®(p)u, u).

Then
1

(P(rz)u,u) = (R(z)u,u) = / P du(N).

By the proof of Nevanlinna’s theorem,

1
dp = lim —Im (R(X\ + ie)u,u) dX,

e—0t T

which shows the uniqueness. O
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24.3 Extending the functional calculus to unbounded Baire functions

Next, we will define p(A) as an unbounded operator when ¢ € Ba(R). Recall that if
p € Bay, then

lo(Ayul? = / O dpra(N).
Define

Diel ) = fue H3 [ [oWP dus() < oc)

W]‘Shp‘ﬂ/)EBab

= {u €eH: sup | (A)ull < oo} .

This is a linear subspace of H.
To define p(A), let ¢; € Ba, be such that ¢; — ¢ with |¢;| < |p|. Then, for any

3 . A7k 0o
u € D((A)), limy-so o5 (A)u exists (lis(A)u = pu(Aal? = [ I = o dps == 0 by
dominated convergence). So we let

e(A)u = lim pi(A)u,
which is independent of the chosen sequence.

Proposition 24.2. Let A be self-adjoint, and let ¢ € Ba(R). Then p(A) is densely defined,
and (A)* =3(A) (so D(p(A)*) = D(@)). In particular, (A) is closed.
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25 Projection-Valued Measures

25.1 Unbounded functional calculus

Let A be self-adjoint, and let ¢ € Ba(R). We want to define p(A) by

Do) = {ue H s [l i) <

p(A)u = lim @;(A)u, ©; € Bap(R), p; — ¢, [p;] <[] < oo,

]%OO

Proposition 25.1. Let A be self-adjoint, and let ¢ € Ba(R). Then p(A) is densely defined,
and p(A)* =B(A) (so D(p(A)*) = D(@)). In particular, p(A) is closed.

Proof. Let’s check the first claim. If w € H, let xn = Ly,<n). Then x, € Bay, and
Xn = 1. S0 xn(A)u — u. Notice that if u € H and ¢ € Bay(R), then dp(ay, = |o]? dppu:
for any f € Cy,

/ F ity = (F(A) (A, p(Au) = ((f1)(A)u,u) = / F10[2

In particular, supp(dty,, (ay.) € {lp| < n}, so

/ (o2 iy, 1y < 00,

which implies that x,(A)u € D(p(A)). Now use this argument with y,p to get the
claim. 0

25.2 Projection-valued measures

Let M C R be a Baire set (15, € Ba) and set E(M) := 15,(A) € L(H, H). Then
M) is an orthogonal projection on H.

B(
* BE(R) =
E(

Ml ( ) E(M1 ﬂMQ).
e F(@)=0.

If M = J;Z, M; with M; N My, = &, then E(M) is the strong limit of Zjvzl E(Mj)
as N — oo.
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The map M — E(M) is an orthogonal projection-valued measure.

Recall next that if p is a positive bounded measure on R, then there exists a unique
left continuous increasing function ¢ such that p(\) = 0 as A = —co and [ fdu = [ fdy
for all f € Co: We have p(A) = p(1(_o ))-

In particular,

,uu(]l(,oo)\)) = <Il(,oo’)\)(A)u,u> = (E\u,u), where E) = E((—o0,\)) = 1(,OO’A)(A).
We have:

e Fhu—0as A — —oo,

e Fhu — uas A — oo,

o h_.u— Fyuase—0".

If ¢ € Bay, we have

(o(A)u,u) = / o(N) diu(N) = / o(N) d{Eru, ).

If u e D(A), then Au = lim;_,o Ap;(A)u, where 0 < ¢; < 1 with ¢; € Ba and supp(p;)
compact. Then

(Au,u) = 'hlgo Apj(N) d(Ex\u, u) = /Ad<E)\u, u).

A= /)\dEA.

25.3 Properties of projection-valued measures

Formally, we write

There is nothing new here, but we are taking a different (and useful) point of view. Here
is a proposition that expresses this point of view.

Proposition 25.2.
1. Let N € R. Then A € Spec(A) if and only if E(AN—¢e,\+¢)) #0 for all e > 0.

2. E({\}) # 0 if and only if X is an eigenvalue of A and E({\}) is the orthogonal
projection onto ker(A — \).

Proof.
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1. («<=): For any € > 0, pick u. € H such that |u.|| =1 and u. = E((A—¢, A\ +¢))u.
Then dp, (t) = L(x—c rte) . (t). So ue € D(A) and

1A~ Auel| = / (t = N2 dyu (£) < & / Qi (1) = €2

It follows that A € Spec(A): for any € > 0 there is a u. € H such that ||u.|| = 1 and
(A — Nue|| < e, s0 A— X has no bounded inverse.

(= ): It E(AN—e,A+¢)):= E(I;) =0 for some € > 0, then for any u € H,
u=ER)u=ER\ I)u

Then for any u € H, dist(),supp(u,)) > €. Let ¢(t) = 25, which is continuous
and bounded on supp(f,) for all u. Then define p(A) € L(H,H) by (p(A)u,u) =
[ p(t) duy(t). We get (A — N)p((A) =1, so A & Spec(A).

2. (= ) If E({\o}) # 0, then let w # 0 be such that u = E({Ao})u. Then
supp(pu(A)) € { Ao}, so u € D(A) and

1A = do)ull? = / (A = 20)2 djiu(A) = 0.

So Ap is an eigenvalue, and im E({\o}) C ker(4 — A —0).

On the other hand, if (A — Ag)u = 0 for some 0 # u € D(A), then for Imz # 0,
(A—2)u= (N — 2)u, so

1 2
R(z)u = v Lz (R(2)u,u)y = )\’Luﬂ >
So by the uniqueness in our Nevanlinna representation, we get 1,,(\) = [|ul|25(A— o).
So for any ¢ € Bay, p(A)u = p(Ao)u. So E({\o}) # 0, and E({\o})u = u. Thus,
im E({\o}) = ker(A — o). O
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26 Weyl’s Criterion and Weyl’s Theorem

26.1 Weyl’s criterion

Last time, we had Spec(S) = Specy(A) U Specys(A), where Spec,(A) is the set of isolated
eigenvalues of A of finite multiplicity.

Proposition 26.1 (Weyl’s criterion). A € Spec.(A) if and only if there exists a sequence
up, € D(A) with ||u,|| = 1, such that u, — 0 weakly and ||(A — XN)uy,|| — 0.

Such a sequence is called a Weyl sequence.

Lemma 26.1. Let A be an isolated point of Spec(A). Then X\ is an eigenvalue, and
1 -1
B({o}) = 5 [ (- 4 d,
i Jy

where 7y is a small circle centered at Ao with Spec(A) \ {\} away from int(7).

ERINE
@i

Proof. E(M) =0 if M N Spec(A) = @. For all small enough ¢ > 0, we have

ol

0# E((Mo — ¢, 0 +¢) = E({Ao}),

21/7/2 d(E\u,u) dz
/717 ) (Ex\u,u)

The part in the parentheses equals 1 if A € int(7) and 0 if X ¢ int(y).

= ]]-int('y)ﬂR()‘) d<E>\u,u>

({Ao})u, )
(int(y))u, u). O

S0 Ag is an eigenvalue. Compute

1
211

(z = A u,u)ydz =

= (E
= (E
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Now we can prove Weyl’s criterion.

Proof. ( <= ): Assume that there is a sequence u, € D(A) with ||u,| = 1, such that
un, — 0 weakly and |[(A — A)uy|| — 0. Then A € Spec(A). Assume that A € Specy(A).
Then, using

(z— Aup = (A — Auy) + (2 — Nuy,

we have 1
(z—A)  uy, T Un (z—A) P )\()\ A)uy,
Integrate over v to get
1
E n = Up — — TN = Au, dz.
{ADu ~ 5 —A) (A Yy dz
—0in H

We get that [|[E({A\})un, — up|| — 0. E({A}) is finite rank, so it is compact. Therefore,
E({A})un — 0, which contradicts the fact that ||u,| = 1.

(= ): Let X € Spec(A). We claim that for all € > 0, dim E((A — &, A+ ¢))H = co.
Indeed, assume that dim E(I)H < oo for some I = (A — e, A\ + ). Then write

H = E(I)H & E(I°)H,

which is a closed, orthogonal direct sum. This composition reduces A, and Spec(A| B( I)H) N
I # @. Hence, Spec(A) NI = Spec(A|g(ryy), which is finite, of finite multiplicity. So
A € Specy(A).

If dim E({\})H = oo (X is an eigenvalue of oo multiplicity), we let u, € E({\})H be
an orthonormal sequence. In general, we can find a sequence €, | 0 such that

P,=E(A—¢enpA—ent1) UN+ent1, A —ep)) #0, P,P, =0, n#m.

It suffices to take u, € P,H of norm 1. O

26.2 Weyl’s theorem

Theorem 26.1 (Weyl). Let A, B be self-adjoint, bounded from below, and such that for
somec€R, (A+c)™t — (B+¢) ! is compact. Then Specyy(A) = Specq(B).

Proof. We check that Spec.(A) C Spece(B). Let A € Spece(A), let u, be a Weyl
sequence for A at )\, and let v, = (B + ¢)"Y(A4 + ¢)u, € D(B). Write (B +¢)~! =
(A+c)~! + K, where K is compact. Then

Up = Uup + K(A+ c)uy,
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=up + K(A—Nup+ K (A +c)uy, .

—0 —0 weakly

e e
—0

So ||vn|| > 1/2 for all large n. Hence, wy, = oo € D(B), wy, — 0 weakly, and (B—\)w,, —
0 since

(B—=MNvp) =(B+c)v, — (= —c)v,
= (A4 cu, — (A + )y
= (A_)\)Un_()\+6) (Un—Un)- ]
T T

26.3 Applications

Example 26.1. Consider Py = —A on R", and let P = Py + ¢ with ¢ € C(R™;R) such
that ¢ — 0 as |z| — oo. P and Py are self-adjoint with D(P) = D(FPy) = H?(R"), and let
us check that (P +¢)~! — (Py +¢)~! is compact:
Let us write (P+x)u = (Py-+c)u+qu and replace u € H? by (Py+c)~tu for u € H?(R™).
Then u € L? with
(P+c)(Py+c) tu=u+qPy+c) u.

Apply (P +¢)~ ! to get
(Po4+c¢)tu=(P+c) ut (P+c) tq(Py+c) tu.
We get the resolvent identity
(P+e) = (Py+o)t=—(P+e) qPy+c)h.

Let us check that q(Py + ¢)~' : L? — L? is compact: Approximating ¢ by a sequence
¢; € Co (uniformly), we may assume that ¢ € Co(R). If x € Cg°(R") with xq = ¢, we get

4(Po+¢)~t = q(x(Po+¢)7") : L — H? N E(supp(x)) — L7,
where the second map is compact. We get
Specess(P) = Specess(PO) = [_OO)’

S0
Spec(P) = [0, 00) U {negative eigenvalues},

where negative eigenvalues may only accumulate at 0.
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If ¢ is rapidly decreasing at oo, then Spec(P) N (—o0) is finite and
# of negative eigenvalues < C), / |q["/ 2 dx.

For n > 3, this is the Cwikel-Lieb-Rozenblum estimate (1972-1977). Observe that there
are no negative eigenvalues if ¢ is small.

Example 26.2. Let P = —A + ¢ with ¢ € C(R") and ¢ > 0. Let n = liminf|,_, q(z) €
[0,00]. We claim that inf Spec.(P) > n (Spec(P) is discrete in (0,7)). We may assume
that n < co. Let

A=-A + max(q, 77)7 B = q— max(q, 77) € C(Rn)

Then B(z) — 0 as |z| — +o0o. We get that B(A + ¢)~! is compact on L2, since (A +
c)~Y(L?) € H'(R™). Thus,

Specess(_A + q) = Specess(A) - SpeC(A) C [777 OO)
_A4B
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